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o
∗ A

o
∗ B

o
∗ ∅

o
∗ X \ A

o
∗ A ∩ B ∩ (X A)

o
∗ (A ∪ B) \ (A ∩ B)

o
∗ X \ (A ∪ B)

o
∗ X \ (A ∩ B)

o
∗ (A \ B) ∪ (B \ A)

o
∗ (X \ A) ∪ (X \ B)

o
∗ (X \ A) ∩ (X \ B)

o
∗ X \ ((X \ A) ∪ (X \ B))

o
∗ X \ ((X \ A) ∩ (X \ B))

_
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}EC
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∗
Lb=@?�NP=>DGI�479xW8Y>9��.I�=mN%D@9l}XC�dA4cZ�}X^¨o

∗
Lb=@?�NP=>DGI�479xW,CX=>D �.I�=>N�DG9A}XC�dl4:ZP}X^2o

∗
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∗
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?A¤84:SEY

n
¥<9A]:9Ak�9A6�D@CiLON��

•
WTY@CX=mDG9pW8Y@?A9lq�Lb4:dl?A9l68479uLbWTY@CiLhFHJ8?lCX6gNPdfe«W,C£;>tlqu6.F�W8Y>?ANPI8QRFEJ.FHdfe¨o�68W¨_��

� {a, ab, ba, baba} ∩ {ab, ba}2 o
� {a, ab, ba} \ {a}∗{bb}∗{a}∗

_

�



•
q�Lb4:dA?l9l6T4cFj6.F[=>W8YGF�LbJ8?lFE684:9%Y@SEzl6gNPdfe DGCXzA=GFEk�CXw>dl4x¡RLÁW8Y@?�N)W8FEJ8I�^�W8Y@FiLbJT?l47LONPdfe ^8?lFE=GFHJ)¥
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� (A ∪ B) ∪ C = A ∪ (B ∪ C)
o

� (A ∪ B) ∩ C = A ∪ (B ∩ C)
o

� (A ∪ B) ∩ C ⊆ A ∪ (B ∩ C)
o

� A(B ∪ C) = AB ∪ AC
o

� A(B ∩ C) = AB ∩ AC
o

� A(B ∩ C) ⊆ AB ∩ AC
o

� (AB)∗ = A∗B∗ o
� (A ∪ B)∗ = (A∗B∗)∗

o
� A∗+ = A+∗ o
� (A ∪ B) = A ∩ B

_

•
� C�DGC�?lF ;>tA?ANPI�4²�

� (A ∩ A∗)∗
o

� A∗ \ A+ o
� (A ∩ B)∗ \ (A∗ ∪ B∗)

o
� {a, ba, bb, ab}∗

o
� (ΣΣ)∗

o0¡R=�QnCiL F�W.FHY@?ANP=mDG9\;OJ�Qn^T}XCXw@dA4n§¦o
� (ΣΣ)∗

o0¡R=�QnCiL F�68479lW.FHY@?ANP=mDG9\;OJ�Qn^T}XCXw@dA4n§¦o
� Σ(ΣΣ)∗

¡nDG9Azu=¦QnCiL F�68479lW.FHY@?ANP=mDG9\;OJ�Qn^T}XCXw@dA4n§¦o
� Π

�
ΣΣ
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a
4
b
o

� =¦QnCiL F�6.FEJ%FE]�Ã(FE¤,9ADG9Ak
{a, b}

¡(68479i§\W.FEY@?�NP=>DG9<;bJ�Qc^8}XCXw>dl4!o
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{(1, 2), (2, 3), (3, 4), (5, 4)}

_
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� =¦QnCiL F
x
4
y
=GZ�L Y>9l]:FEd\;>42LOD<Lp_�o.}XJTN

|x| = |y|
o

� =¦QnCiL F
x
4
y
=GZ�FE6.FH}XYGFEk�FEk�4²o

� ;>tA?ANPI�4
A
4
B
=@Z�L#Y@9A]cFEd<;>42LOD<Lp_7o�}XJ)N

A∗ = B∗ _

•
`¢CXI£FE?�FHqEo.zl9p6.FH=>DGtAW8^£;@ZEdA9xY>9l]:FEd\;>9
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� Y>9l]:FEd\;@F�?�F�Lb479lYGFH684cF
⊆
6.F5;>tA?ANPI£FEdfeB6.FHJ�^8=mDfFE]7CX6gNPk FE]7Ã(FH¤�9�DG9lk%o

� Y>9l]:FEd\;@F�W,CXY@?lZEJ8I�^�]79lI�=>NPIHCX}XYGF �.dl?A689l}XC�6.F�=�QnCiL FEdfe¨o
� Y>9l]:FEd\;@F�¤gNPdl4cF�W8Y>9��.I�=@9Ak�_
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����� o������)§�_

N ��N � �CP�� ]^�
{ �5684 ªT479�k�CXzl9Ak�NB=>W�CHDGI£FEq�W,C)Js6.FH?AL ZW0¸È£Å>´! 1��µ.¯(´%Åg�²Ä65)®�´EÅ¦µ^��¤�CX}XFHD<N�;>tA?ANPI«J8C�J89��.6847CUL FE684:F
Lb?lCEY@dlSiLp�

• x
� ?l6.FEI#"

x $
o

• % x & � x
¤8YGFH689pJ8CX=�QcCiLb684:9Ho

• \x
� ;@FEI�L � o

•
_ � J8CiLÌCX]:6gN�?A6.FEIj¡RCXW8Y@SPdl?pIHCXr8d�F�Lb4:9AY@=>?�Fg§¦o

• ! ªPNP?)# � J8CiL CX]76gN�?l9u?l6.FHIESiL'" ª $ o(" N $ 4)" ? $ o

• ! F � ?<# � J8CiL CX]76gN�?l6.FHI�C)J*" F $ J8C
" ? $ o¢¡(k�CXzl6.FyQnZEdl?�N)qHo�68W¨_ ! FE¤8I � ]:� � �C#c§�o
• !�+ ªPNP?)# � J8CiL CE]:6gN�?l68FEI�CXW8Y>S)dA?," ª $ o(" N $ 4)" ? $ o
• α∗ � ?l9AY@C�]:^8¤�Lb47tldl9<;OW,CiLODGSXY>?l9Ar

α
o

• α+ � ;>9AJ868C�]:^8¤�Lb4:tAdl9<;bW,CULOD@SXY@?A9lr
α
o

• α?
� ?l9AY@C�]:^8¤�;>9AJ868C�LON)=mDfZ�W84:9A684:9

α
o

• α{x, y}
� CPJ

x
J8C

y
W�CiLODGSEY@?l9Ar

α
o

• α1 | α2
�

α1

]7^8¤
α2

o

• -
%Ì�/.10 � IECX6T4:9ldpW8]74:I�^¨o

• (α)
o

•
_A_l_
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•
?lFEW847=>N�J8?A4:9A=@4:t�DG689p]74:dl?A¤�6.FHD@^8YGFE]76gN)dfe2o

•
47J89l6gD<N �.I£FHD@CXY>N�L�LONP¤8YGFE6gNPk ;>tl?�N)I�^�W8Y@CX}EYGFEk�CiLhFE6T4cFTo

•
6�^8k�9lYmN�Y@9<;>9l=mDGYGFHdAN�;>689y¡(W8YmNPL FHD@689x4À=¦Qn^8zA¤�CiLÌ9i§¦_

·BFU;@ZHd J.FE6gN�Lb?lCEY@?l9Advk�CXzl9Ak�N�?�FE=mDfFE6.F�Lb4:FEq =>4:tK6.FEJ�CPJ8W,CULb479lJ8?A4cFEk�4.6.Fu6.FE=>D@tlW8^U;@ZEdl9vWgN�DfFH684cFT�

•
�XFHI�=@W8Y@F�LbJ8?l47qEo.dl?�N�=�QcCULÌC�W.FE=@^U;>9xJ8C�Lb?ACXY@dlF2�

•
�XFHI�?l6.FH]:9��Aq
Lb=@?ANP=mDGI�4:9pLONP=>DfZ�W8479l684:F�Lb?ACXY@dlF�L�DG9AIPw>dl479L�

•
� ?�N�;@FEI�4:9AIECX]�Lb4:9lI�=�QcCULÌC�W.FE=@^U;>9uJTC�Lb?ACXY@dlF2�

•
�XFHIP4);>tA?ANPI�D<LÌCXY@?lZ�=¦QnCiLhF�W.FE=>^£;@ZEdA9xJ8C�Lb?ACXY@dlF2�

•
� ?�N�J8]cF�I£FEzAJ89l}EC
;>tA?ANPI£F�47=>DG6T4:9\;>9
CEW84:=>^£;@ZEdAN�}XC�Lb?lCXY>?l9ld �«35479E_

•
� ?�N�Lb=@?�N)=mDGI�4:9uCXW,9lY@FEd\;>9p=GZ�W,CEDGY>?l9l¤T689L�«3K4:9E_

N ��� � [������S� P XA�4T�� UW�$���YX"���^��� U �^P ��]C�
·BFU;@ZHdBJ.FE6gN|Lb?lCXY>?l9AdEoKk�CXzA9lk�N|CXI�Y>9lw@]74:q�;>tl?�N)I ?£QcCXzlCX6gN|?l9�Lb=@?ANP=mDGI�4:dfe�=�QcSULaW8FE=@^£;@ZHdANPdfe J8C
J.FE6T9l}XC�Lb?lCXY>d�FT_ * 9��.6847d\;@F�DfF5;>9l=mDK4:68J8^TIEdAN�;>6.F�?l9
Lb?l}E]:tlJT^�6.F�=mDGY@^TI�D@^8Y@tpLb?lCEY@d�F)_
bdc\egf�� 3K4:9ldfe

α
4
β
¤,tlJ8Z�Lb?ACXY@dlFEk�4²_�`¸Y@?A9l?

L(α)
CX?l6.FHdl?�FHk�N�;>tl?�NPIs?£QnCEzlCX6gNj?�D<NPdfeM=¦QnSiLpo

IgDGSXY>9pW.FE=@^U;@Z�J8C�Lb?ACXY@dlF
α
_

• L(ε) = {ε}
o

• L(x) = L(“x & ) = {x}
o

• L(.) = Σ
o

• L([a1a2 . . . ak]) = {a1, a2, . . . , ak}
o

• L([a − b]) = {a, . . . , b}
� ?lFE]:9AzAN�CPJ�IECX]79\;>68CXw>dl4À?A6.FEIESiL L�IECPJ8CiLhFH684:^%�
¾ ��� � o

• L([ + a − b]) = Σ \ L([a − b])

• L(αβ) = L(α)L(β)
o

• L(α|β) = L(α) ∪ L(β)
o

• L(α∗) = L(α)∗
o

• L(α+) = L(α)+ = L(α)L(α)∗
o

K



• L(α?) = L(α) ∪ {ε}
o

• L(α{x, y}) = L(α)x ∪ L(α)x+1 ∪ . . . ∪ L(α)y
o

•
_A_l_

2
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�vI£FE?l^£;>9p=>4:t ;>9lJ868FEI�o.zl9pLb4:9l]79
?pIECX68=mDGY>^8IEd<;>4¢LONP=>D@tlW8^U;@ZEdANPdfe«LÌ9uLb?ACXY@dlFEdfeBk�CXzl9
¤gNPqu?�FE=mDfZ�W84:CH¥
6gNPdfe W8Y@CX=mDG=>?ANPk�4�IECE68=>D@Y@^8IHd\;@FEk�4²_�{ D@9l6 =>W�CX=>SX¤¨o�I£FEzAJTNjLb?lCXY>?l9Ad�k�CEzl6.F�W8Y@?A9lY>CX¤84:q�6.F�DGFEI�4²o
IgDGSXYmN�?lCX=mDfFPQ'?lFEW84:=@FE6gN�W8Y>?AN�^8z�N)dA4:^%D<N)]7IEC�W�9�Lb689l}EC�k�4:6847kyFH]:689A}XC�?A9l=>DGF�Lb^«IECX6T=>DGY>^8IEd<;>4²_Ì��FEI�479
Lb?lCEY@dl9Ho�IgDGSXY>9y?lFEW84:=@FE68C%W8Y@?�N~^8zANPdl47^MD<NP]:IHC�DG9A}XCBk�4:6T4:k�FE]:689A}XC�?A9l=>DGF�Lb^ CXW�9AYGFEd<;>4²o¢6.FE?�NPL FEk�N
0¸È£Å@´! 1��µ.¯(´EÆ�¯�Å`�²Ä65P®�´EÅ¦µ.ÈHÆ�¯n_
bdc\egf�� {~N)Y@FEzl9A684cF�Y>9l}X^8]:FEY@6T9EoTD@C�DGFEI�4:9vLb?ACXY@dA9Eo�IgDGSXY>9u=@Z�?A¤8^8J8CiL FE689pD<NP]:IEC�W8Y>?AN�^8z�N)dA4:^¨�

• ε
o

• ∅
o

• a
o.J8]:F

a ∈ Σ
o

• αβ
o

• α|β
o

• α∗ o

• (α)
_

..CXY@k�FE]7684:9HoPLb?ACXY@?A9ld
∅
6T4:9vLONP=>D@tlW8^£;>9uL �K684:I�=@479E_�·�CEzl9lkxN�}XC�^TDGCEzl=GFHk�47q
68W¨_.?

[z − a]
_

2

{[NPY@FEzl9A684cF�Y@9A}X^8]:FEY@689�¤�tAJ.Z�6.FEk W�CED@Y@?A9l¤8689�LÌSiL dA?�FE=Ao'}EJTNB¤,tlJT?l4:9Ak�N«=>4:t�?lFU;>k�CUL FE]74'D<NPk�o
dlCBk�CXzA6.F%LONPY@FE?l47qy?�F�W�CXk�CPd�Z%Lb?ACXY@dASiL 4�CX}XSE]:6gNPk�4�LvQnFEw@dA47LÌCXw@dA4cFEk�42;>tl?ANPIHSULpo IgDGSEY@9�k�CXzl68F
CXW847=>N�L FEqp?�F�W�CEk�CPd�ZxLb?ACXY@dASiLp_ * ?A4:tAIP42CX}XYGFH684:dA?l9l6T4:^�?l9A=>DGFiLb^�k�CEzl]:4�LONPdfe�IECX68=mDGY>^8IEd<;>4¢JTC�6T4:9�¥
?l¤,tlJT689l}XC�k�4:6847k�^8k%o)¤,tlJ8?A4:9vD@C�WTY@CX=mDG=@?A9E_
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 � 354:9Adfe

A
¤,tlJT?l4:9
;>tl?�N)I�479lk%_

A
k�CXzl6.F%CXW847=GFEq�Lb?lCXY>dl9Ak LOD<Lp_�o�}XJTN~k�CXzl6.F%}XCBCEW84:=@FEq

LONPYGFEzA9l68479lk Y>9l}X^8]:FEY@6gNPk%_
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k�CXzl6.F�D@9lz
CXWT4:=GFHq

?�F�W,CXk�CPd�Z�Lb?ACXY@dlFT_
� k�WT]:4:I£FEd<;@F�L�JTY@^8}gZ�=>D@Y@CX6Ttv;>9A=>Duk�684:9<;vCPdl?�N�Lb4:=>DGFT_�3 FE]79lz�Ns=@W8Y@F�LbJ8?l47qEo¢zl9�Lb=@?�N)=mDGI�4:9�IECX6P¥
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bdc\egf�� `'CiLb4:9Ak�NXo2zl9�JTL FyLb?lCXY>dl9

α
4
β
=GZyY>SULb6TCUL FEzA689Eo

α ≡ β
o�LOD<Lp_�oÀ}XJTN

L(α) = L(β)
_
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`¸Y@?�N)I8QnFEJ8CiL 9uDGCXzA=GFEk�CXw>dl4ÀJ8CED<NPdA?�ZEdA9uLb?ACXY@dASULp�
• α(β | γ) ≡ αβ | αγ

o

• (β | γ)α ≡ βα | γα
o

• ∅α ≡ α∅ ≡ ∅
o

• α+ ≡ α | αα+ ≡ α | α+α
o

• (αβ)∗α ≡ α(βα)∗
o

• (α∗)∗ ≡ α∗ o

• (α∗β∗)∗ ≡ (α | β)∗
_
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αCXW847=@^£;@ZHdl9
A
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A = L(α)
_
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A∗ DG9AzE_

N �	� OF� � ]C� R"P$� P�U&�
•
`¢C)J8FU;OLONPYGFHzl9l6T4:9pY@9A}X^8]cFHY@689
Y>SULb6TCUL FEzA689xLb?ACXY@dACULb4!�

([a − c] | a(b?))+ _
•
`¢C)J8FU;OLb?ACXY@?A9lduCXW84:=>^£;@ZEd�N�W,CXW8YGF�Lb689u6�^8k�9lY>N�4:68J89AI�=@SiL =mDG^8J89A6gDGSiLpo�6TW¨_.W�CE=>DfFHdl4)����������_

•
�KW8Y@CEw@qp6.FE=mDGtlWT^£;@ZEdAN�Lb?ACXY@?A9ld

(a | b)(aa | ab | bb | ba)∗(a | b)
_

¹X¹
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• ! ¿ �bLp_ ½ _ ¹ #V* ]cF�W,CX6847zl=@?�NPdfe�;>tA?ANPIESiLÍW,C)J.Fi;hLb?ACXY@dA9Lk£LONPYGFHzl9l6T4cF�Y>9l}X^T]cFEY>689E�

� {x : x
?lF�Lb4:9lY@F�W8FEY@?�N)=mDfZ�]:47dl?l¤,t
=>NPk�¤,CX]74

a}
o

� {x : x
?lF�Lb4:9lY@F�6T4:9lW8FEY@?�N)=mDfZ�]:47dl?l¤,tv=mN)k�¤�CX]74

b}
o

� {x : x
?lF�Lb4:9lY@F�W8FEY@?�N)=mDfZ�]:47dl?l¤,t
=>NPk�¤,CX]74

a
]7^8¤�684:9AW.FEY@?�NP=>DfZ�]:47dl?A¤�t
=mN)k�¤�CX]74

b}
o

•
`¢C)J8FU;OLb?ACXY@dA9Lk£LONPYGFHzl9l6T4cF�Y@9l}E^8]cFEY>689
CXW847=@^£;@ZHdl9 ;>tl?�N)I�?UQnCXzACX6gN�?l9u=�QcSiLp�

� 68FEJBFH]7Ã(FE¤,9AD@9lk
{a, b}

o8IgDGSXY>9u6T4:9p?�F�Lb4:9AYGFU;@Z�W,C)JT=�QnCiL F
aa
o

� 68FEJBFH]7Ã(FE¤,9AD@9lk
{a, b, c}

oTI�D@SXY@9p68479
?�F�Lb4:9AYGFU;@Z�W,C)J8=¦QnCiL F
aa
o

� 68FEJBFH]7Ã(FE¤,9AD@9lk
{a, b}

o8IgDGSXY>9u?lF�Lb4:9lY@FU;@Z�W�CPJ8=�QcCiL C
bbab

o
� 68FEJBFH]7Ã(FE¤,9AD@9lk

{a, b, c}
?£QcCXzlCE6�NPdfe%D<N)]7IEC�? ;>9lJ8689A}XC�Y@CPJ8?�FU;>^�=mN)k�¤�CX]74²o

� 68FEJBFH]7Ã(FE¤,9AD@9lk
{a, b, c}

?£QcCXzlCE6�NPdfe�dlC�6.FU;mLONPzl9<;K?pJTL SPdfeBY>C)JT?�FE4¨=mNPk�¤�CE]:4²_

• ! �"� qALp_ º _ ¹E¹ o0Fg§K¤.§4#��vW847=@?K;>tA?ANPI�4�Y@9AW8Y@9A?l9l6gD@CUL FE689�W8Y>?l9l?�68FE=>D@tlW8^£;@ZHdl9�LONPYGFEzA9l684:F�Y@9l}E^)¥
]:FEY@689H�

� (11 | 0)∗(00 | 1)∗
o

� (1 | 01 | 001)∗(ε | 0 | 00)
o

• ! ¿ %�ª�_ ¹X¹ #�*5]cF�W�CE684:zA=@?ANPdfe�;>tl?ANPIHSUL W�CPJ.FU; Lb?lCXY>dl9 k£LONPYGFEzA9l684:F�Y@9A}X^8]:FEY@689H�
� {x ∈ {a, b}∗ : x

6T4:9
?�F�Lb479lYGF�W,C)J8=¦QnCiL F
a}
o

� {x ∈ {a, b}∗ : x
6T4:9
?�F�Lb479lYGF�W,C)J8=¦QnCiL F

ab}
o

• ! ¿ %�ª2_ ¹LM #�`'CEY@SiLb6.FU;5LONPYGFEzA9l684:FyY@9A}X^8]:FEY@689uW,C)J�IHZ£DG9lkVY@SiLb68CEw@dl4 kH?�F�Lb479lYGFH684cF�=@47t�CPJ8W�C£¥
Lb4:FEJ.FU;@ZEd�NPdfe 4:k ;>tl?�NPIESiLp_[�
JTW�CiLb4:9AJ8?l4�^8?lFE=GFEJT684 ;A_ �5J8CiLÌC)J86T4 ;xW,CXk�CPdl6T4:dl?A9�Y>SiLb6.FE68479
a(ba)∗ = (ab)∗a

_
1) (0 | 1)∗ 0∗|1∗,
2) 0(120)∗12 01(201)∗2,
3) ∅∗ ε∗,

4) (0∗1∗)∗ (0∗1)∗,
5) (01 | 0)∗0 0(10 | 0)∗.

• ! ¿ %�ª�_ ¹LK #Ì�
?A6.FEdA?lk�N
α = (a | b)∗ab(a | b)∗

_�`¢C)J8FU;pLb?lCEY@?l9AdyCXWT4:=@^U;@ZEdAN�;>tl?�NPI
L(α)

o
?lFEI8QRFEJ.Fi;@ZEdEo.zA9E�
¹ _

Σ = {a, b}
o

º _
Σ = {a, b, c}

_

¹Uº
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¾PDGFE6y4.W8Y>?l9<;>w@dl479 � 4:6gD@^84:d<;>9E_��¨FEI8QnFEJ.FEk�NEogzl95W8Y@?A9\;>w@dA4cFu=GZx68FHD<NPdfe8k�4:FE=>D@CiL 9�� ;>9A=>D�DGCukyF£DG9lk�F£¥
D<NPdl?A6.FyFE¤T=>DGY@FEIEd<;@FT_�`¸Y@?ANPI8QRFHJTN�=>NP=>D@9lk�SiL ?l9p=>DGFE6.FEk�4¨4ÀW8Y>?l9<;>w@dl4:FEk�4²�

•
IHCX=>D@I£F�Âb^8¤847I

$
FTo

•
?A9l}gFHY@9lIydAN�ÃRY@CiLONXo

•
=mDG9AY@CiLb684:I�Lb4:68JTNEo

•
Lb=>?l9Adfe8w>Lb4:FHD�¡ �U§�_

�$��N � �$��P � ����� R"�^�����!� � ���4T\���S]����"�
���������
	����� ¿KCX68=mDGY@^TIEd\;@F~FE^TD@CXk�FHDG^ k�CPJ89l]7^£;@ZEdl9A}XCBJT?l4cF�QRFE68479�P4:JT9lC8_M·�CPJ89l]7^£;>9lk�N[W,C)J8=mDfF£¥
LÌCULÌ9pD<N)WgN%W8Y@FEdAN�42IP]:F�Lb4:=@?A9E� W8]:FiNEo8=>D@CXW¨o.W.FH^8=@9Ho�ÃnLbJ%4¨Y>9ALp_

���������
	����� `¸Y>CX¤8]:9Ak�k�47=R;>CX6.FHY@?ANj4�I£FE6847¤.FE]:4!_�3 F�¤8Y@?A9l}X^ ?A6.FU;>J8^U;>9�=@47t�DGY>?l9Adfe k�47=R;>CX6.FHY@?ANj4
DGY>?l9Adfe«I£FE684:¤8FE]:4!_ ·BFU;@Z�J8CyJ)N)=>W�CE?ANPd\;>4¸QnSPJ8IEtH_Ì{ QnSPJ8dl9pk�CX}gZ�=@47tu?Ak�479lw>dl4:qpk�FEI�=>NPk�FE]:68479vJTLb479
CX=>CX¤gNX_�{ 4:CX=¦QnCiLhFHq%^Tk�479\;@Z«Lb=@?�N)=>dAN|I£FE6847¤.FE]:9�4';>9AJ89l6|k�4:=R;>CE6.FEY@?H_|�E9lzA9l]:4O68F~IgDGSEY>NPk�IHCX]7Lb479lI
¤8Y>?l9l}E^�?ACX=>DGFE684:9
Lb47tldl9<;bI£FE6847¤.FE]74²o�684:z
k�4:=n;>CX6.FEY>?ANEoTDGC�k�4:=R;>CE6.FEY@?A9
?lCX=mDfFE68Z�_A_l_>?\;>9lJT?l9l6T4²_

�v¤8=@9AY>Lb^£;>9Ak�N =@9AIgL 9A68d\;>9�Y@^Tdfe8SiLVQcS)J8I�4�LbYGFE?�?p;>9\;�W.FE=@FEzl9AYGFEk�4²_«¾)IECX6T=>DGY>^8CiLhFHq%JT4cFE}XY@FEk
=>NP=mDG9lk�^�FEIHdl9AWTDG^£;@ZHdl9l}ECKDGFEI�4:9�=>9lIgL 9A68d\;>9ÌY@^8dfeTSULpo£IgDGSXY>9 W8Y@CiL FEJ8?�ZOJ8CbW8Y>?l9AW�QcNP6847tldl4:F Lb=@?�N)=mDGI�4:dfe
6.F�J8Y>^8}X4À¤8Y>?l9l}T_

bdc\egf�� � ^)DGCXk�FHDO=>IECXr8dA?lCX6gNM¡(JT9ADG9AY@k�4:6847=>D<NPdl?A6gN8§¦�

M = 〈Q, Σ, δ, s, F 〉

}XJ8?A4:9H�

• Q
D@C�=@IECEr8dl?ACX6gN�?A¤84:SEY	��Ç ´Eµ^710¸o

• Σ
DGC�=@IHCXr8dA?lCX6gNM´E® �A´g<��Ç�0 � Ê ¶i±�¯²¬10¸ÈHo

• δ : Q×Σ → Q
DGC � 5)µTÉg± Ê ´�.,Å>³1� Ê ¶i±�¯(´ � δ(q, a)

D@C�=>DGFE6yJTCxIgDGSEY@9l}EC�W8Y>?l9ldfeTC)J8?A4:k�N�?A95=mDfFE6�^
q
68F�=>IP^)DG9lI�LÌdl?�N�DfFE684:F�?A6.FEI�^

a
o

• s
DGC�=>DGFE6�W�CPdl?lZHDGIHCULONEo

• F ⊆ Q
DGC�?l¤T4:SXYO=mDfFE68SiLÍFHIEdl9AWTDG^U;@ZEdANPdfe¨_
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2

� ¤gN�CXI�Y>9lw@]74:quFE^TD@CXk�FHDOk�^8=>4:k�NyW�CPJ.FEqp476TÃRCXY@k�FEd<;>9vC�Lb=>?ANP=>D@I�4:dfesW847tldl47^�9l]:9Ak�9A6gDfFEdfe¨_ ·�CXzA9lk�N
DGC�?AY@CX¤847qvÃRCXY@k�FE]7684:9Ho)]7^8¤�L W,CX=>DGFEdl4¨DGFE¤�9A]:I�4²�

a b

→ 0 1 0
1 2 1
2 3 2
3F 3 3

]:^T¤�D@9lzpJ84:FE}XYGFHk�^¨�

b

a

b

a

b

a

a,b

�¨FE]79ADfZ�DGFEI�4:dfe%J84cFH}XYGFEk�SiLM;>9l=mD56TW¨_8DGC8o.zA9p684:9
k�F�IECX68479ldA?l68CXw>dl406.FE?�N�LhFE6T4cF�=>DfFH68SiLp_
*vFE689�J8]:F«FE^TD@CXk�FHDG^ D@CsJ8CiL CX]76gN 6.FEW847=

x ∈ Σ∗ _ �vW84:=�JT?l4cF�QRFE684:FT� �¨FEdl?�N)68FEk�NML =>DGFE68479
W,C)dA?�ZHD@IECiLONPk 4 ?Ak�479l684:FEk�N =mDfFE6gN ?l}XCPJ868479B?l9B?l6.FEI£FEk�4K6.F[LÌ9\;>w@dA4:^¨_Í`¢C L dA?AN�DfFH684:^ dlFPQn9A}XC
=�QcCiLhF�;>9A=>D@9lw@kxN|L¼;@FEI�4:k�w�=mDfFE6T4:9E_�¾.QnCiL C�;>9l=mD�FEIHdl9lW)DGCiLhFH689EoOLOD<Lp_�oO}XJTN�=>DGFE6�IHCXr8dlCiLON«;>9l=mD
FEIHdl9lW)DG^£;@ZEd�NX_
���������
	����� *5?l4cF�QRFE68479
W�CiLONPzl=>?l9A}XC�FE^)DGCXk�FHDG^�JT]cF�=�QcSUL

baabbab
4
babbab

_

bdc\egf��
δ∗ : Q × Σ∗ → Q

δ∗(q, ε) = q

δ∗(q, xa) = δ(δ ∗ (q, x), a)
� ^)DGCXk�FHDu´£Ég±`�8.,Ç 5 Ê � � � ¬10 ¬ x

LOD<Lp_�o.}XJTN
δ∗(s, x) ∈ F

_
� Ë ³lÈUÉy´£Ég±`�8.,Ç<¬10�´Eµ.È�W8Y@?A9l?xFE^TDGCEkyFHDlo)D@C8�

L(M) ≡ {x ∈ Σ∗ : δ∗(s, x) ∈ F}

2

���������
	����� �5^TDGCEkyFHDvFEIEdA9lWTD@^£;@ZEd�N
(a | b)∗aa(a | b)∗

_p¾PDGFE6gNBY>9lW8Y>9l?A9l6gDG^£;@Z�?A]:4:dA?�FE6T9�IECE]:9\;>6T9
?pY@?AtlJ8^%]:4�DG9lY>I�4

a
_
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	����� �5^TDGCEkyFHD�FEIEdA9lWTD@^£;@ZEd�N
{x ∈ {0, 1}∗ : x

L ^8I8QRFEJT?l4:9y¤84:6.FHY@6gNPk ;>9A=>D�W,C)JT?l4:9A]:689
W8Y>?l9l? ½

}
_�¾PDGFE6gN�Y@9lWTY@9l?A9l6gDG^U;@Z�Y@9A=@?�D<N�k�CPJ8^8]7C ½ _ ..CXY@k�FE]:6gN�J8CiLÌS)J%W�CEW8YGF�Lb68CXw>dl4!_

x0 = 2x ≡ (2(x
k�CPJ

3))
k�CPJ

3

x1 = 2x + 1 ≡ (2(x
k�CPJ

2) + 1)
k�C)J

3

�$��� � �$��P � ����� �"�4�'R��^� ���!� � �"�4T\���S]����"��������� ����	
��f �'f h 
�� 
�������
c
� ÂbCX?AIP]79lIHCEDfFE6gN & FE^TD@CXk�FHD0J89AD@9lY>k�47684:=mD<N)dA?l6gNX_�354:9 Lb4cFHJ8CXk�CKJTCXI8QRFEJ86T4:92;@FEI�4�Y@^8dfe�LONPIHCX6.FToXk�CXzA9LONPIECX68FEqBµ.¯3� 	���Ç8��Å¦Æ�¯nµ.¯���Ç!Èg±@³lµ.¯3� ;>9lJT9l6M?�Lb479l]:^~Y@^Tdfe8SiLp_�¾PNPk�^8]:FEd\;@F)�uJT4cFE}XY@FEk D@C�WT]cFE68=>?�FTo0W,C
IgDGSXY>9\;vW8Y@?A9l=>^�L FEk�N«W84:CX6TIP4!_x�E9lw@]74�?l9�=mDfFE6�^¨o¨L IgDGSXYmNPk ;>9l=mDpW84:CE689lI%LON)dfeTC)J8?A4�Lb4:9A]:9�I�YGF�LÌtlJ8?A4
CX?A6.FEdl?ACX6gNPdfe =>NPk�¤,CX]:9Ak LONi;>w>dl47CULONPk%o DGC[=>DGFiLb4:FEk�N�W847CX68I�4hLÌ9�Lb=@?�NP=>DGI�47dfe�=mDfFE68FEdfe J8CPdl9A]:CH¥
LONPdfe � ;>9Azl9l]74'?xJ.FE689A}XC�=mDfFE6�^«68479uLONPdfe8CPJ8?A4�z�FEJT6.F�DfFHIHF�I�YGF�L tAJ �Eo�DGCyWT4:CX689AI�?l6847IHF)_5`¢C)JTCX¤868479k�CXzl9Ak�Npk�479lq Lb4:tAdl9\;'6T4:z0;>9AJ89l6�=>DfFH6�W�CPdl?lZHDGIHCiLON � 6.F W,C)dA?�ZHD@I�^�=>NPk�^8]:FEd\;>4P^8=mDfF�Lb4cFEkxNpW84:CX6TIP4
LÌ9uLb=>?ANP=>D@IP47dfe«=>DGFE6.FEdfe%W,C)dA?�ZHD@IECiLONPdfe¨_

� ^TD@CXk�FHD�FHIEdl9AWTDG^U;>9�=�QnCiLÌC�;>9lw>]:4�W�C«?lFEIECEr8dl?A9l6847^ =>NPk�^8]:FEd\;>4 L IgDGSXYmN)k�IECE]7Lb4:9AIj?l9�=mDfFE68SiL
FEIHdl9lW)DG^£;@ZEd�NPdfeM¤,tlJ8?A4:9�?A6.FU;>J8CiL FEq�=@4:t�W84:CX6T9lI�_ � 6T6�NPk�4�=�QcCiLONXo0FE^TD@CXk�FHD
FEIHdl9AWTDG^£;>9�=¦QnCiL C�;>9Aw@]:4
Æy¬  1�p=>4:tp?lJ.FHY@?ANPq
DfFHIP479pCX¤8]:47dl?A9l68479EoTIgD@SXY@9pW8Y>CUL FEJ8?A40J8C ;>9l}XC�?�FEFEIEdA9lWTD@CUL FE684:FT_

·�CXzA6.FxCpD<NPk W�CXkxN)w>]:9Aq�;@FHI�CxWTY@?l9AW8]cF£DfFU;@ZEd�NPdfe�=@47tKJ)L SPdfeyW8Y>C)dA9l=@FEdfe¨�¸?l}XFEJTN�LhFH684cFpY@CX?�Lb4cZ£¥
?�FH684cF�4P;>9A}XC�L 9AY>N �.I£FEd\;>4!_
���������
	����� 3K4:9�ÃRCXY@k�FE]:6gNE_�� ^)DGCXk�FHDOFHIEdl9AWTDG^U;@ZEdANy=�QnCiL FToTL IgDGSEY>NPdfe�W8Y@?A9lJ8CX=mDfFHD@684¨?A6.FEI�DGC ¹ _
¾PNPk�^8]:FEd\;@F�J8]:F�=�QcCUL F >)¹X¹L>@>T¹ > _

��f �'f l bQc������������ ���
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bdc\egfSh�� � ^TD@CXk�FHDO68479lJ89�DG9lY>k�47684:=mD<NPdl?l6gNEo8DGC�W84cZ£DGI£F
M = 〈Q, Σ, δ, S, F 〉

o8}EJ8?l479E�

• Q
D@C�=@IECEr8dl?ACX6gN�?A¤84:SEYO=>DfFH68SiLpo

• Σ
DGC�=@IHCXr8dA?lCX6gN�FE]7Ã(FH¤�9�DhL 9<;>w@dA4:CiLONXo

• δ
DGC�ÃR^868IEd<;@F�WTY@?l9<;>w@dA4cF

δ : Q × Σ → P (Q)
¡ ∼= Y@9A]cFEd<;@F

δ ⊆ Q × Σ × Q
§¦o

• S ⊆ Q
DGC�?A¤84:SXYO=mDfFE6TSUL W�CPdl?lZHDGIHCULONPdfe¨o

• F ⊆ Q
DGC�?l¤T4:SXYO=mDfFE68SiLÍFHIEdl9AWTDG^U;@ZEdANPdfe¨_
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ÂKCE?l=@?A9lY>?l9l6T4:9pÃR^868IEd<;>40W8Y@?A9\;>w@dA4cF
δ∗ : P (Q) × Σ∗ → P (Q)

J89��8684:^£;>9Ak�N�68FE=>D@tlW8^£;@ZHdlC8�

δ∗(A, ε) = A

δ∗(A, ax) = δ∗(δ(A, a), x)
� ^TD@CXk�FHD

M
FHIEdl9AWTDG^U;>9x=¦QnCiL C

x
LOD<Lp_�o�}XJTN

δ∗(S, x) ∩ F 6= ∅
_

�Etl?�N)I%FEIHdl9AWTDGCiL FE6gN�WTY@?l9A?�FH^TDGCXk�FHDlo)DGCT�

L(M) = {x ∈ Σ∗ : δ∗(S, x) ∩ F 6= ∅}

2

� ^TD@CXk�FHD<N�J89AD@9lY>k�47684:=mD<N)dA?l689xk�CEzl9lkxN�DGY@FEIgDGCiLhFHqb;@FEIHCy=@?Adl?A9l}XSX]76gN�WTY@?ANPW.FHJ89lI�FE^TD@CXkyF£DGSiL
68479lJ89�DG9lY>k�47684:=mD<NPdl?l6gNPdfe¨_
	 � ��
 � 354:9Adfe

M = 〈Q, Σ, δ, s, F 〉
¤,tlJ8?A4:9�FE^TD@CXkyF£DG9lk JT9ADG9AY@k�4:6847=>D<NPdl?A6gN)k%_�{ SiL dA?�FE=�FE^)¥

DGCEkyFHD�684:9AJ89AD@9lY@k�4:6T4:=>D<NPdA?l6gN
M ′ = 〈Q, Σ, δ′, {s}, F 〉

o5}XJT?l4:9
δ′(q, a) = {δ(q, a)}

FEIEdA9lWTD@^£;>9
J8CXI8QnFEJ868479vDG9l6%=GFHk¼;>tl?�N)I

L(M) = L(M ′)
¿
4:]:I£F�LvQnFE=@68CEw@dl4¨ÃR^T68IEd<;>4

δ∗
�

��c � � 
 � * ]:F�J8CiL CE]:6gNPdfe
x, y ∈ Σ∗ k�FEk�N δ∗(A, xy) = δ∗(δ∗(A, x), y)

_
b������  � ` Y>?l9A?u4768J8^8IHd\;>tu?l9
Lb?l}E]:tlJT^�6.F

|y|
_

��c � � 
 � ..^868IHd\;@F
δ∗
;>9A=>D5Y@CX?UQRZEdA?l6.F�?l9
Lb?A}X]:tAJ8^�68F�=>^8k�CiL FE68479
?l¤847CXY@SiLpo8DG?A6¨_��

δ∗(
⋃

i

Ai, x) =
⋃

i

δ∗(Ai, x)
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