
���������
	���
���� ����������������
�� ��� � 	!����
���	"� 
�#$��	�%&�'�)(
*,+.-0/ � *213/54.1

687:9�;�<>=@?�ACBD<E;F7
G:HIHKJMLIG:HIH N

OQPSRTPVUXWZY\[]U$RT^`_bac_bd�P'eT^!f�ghdTija`elk"fm^onTa`pZ_\U$YbqrRKa!nI^FeKacRTUsWutSPS_bU]pbac_\vTp\[]U`w8xC^heKa`RlU$fyRKa�f�Pza`Y\a`{}|d~f�aceTpbac_\^�f�gF{}|�R�vT��U�p�g$nI^Felp\^o[]eT[�PVahi�k�f��I�]f�PV{][�U]��PS_bn wI^heTRT^`Y\[�quY\PV��f�ija`�ZRTPVU5eT^
f�gh��PVU�RlPV^oR~gh{}|nI^oRTPV�]UsW�n�^`[]gh{sWZP>w�rghdTijacelg�^o[�RKac{�[�^`RTU$�`f�PVa`[�eldcq�RKa`tSU��]g�nI^o��PVRKqc��RKar[�a"WZ��{]Pza`{}|�[$�`�'����arv~f�[��otS��eTRlPV��RKaf�ghdTija`eKac{}|$[��'��w
� �
�� o¡�¢ £5¤¥� ¦�§C¨Q©ª¡5¢�«�¬�­�®¯¬
° U�tSU��±RlPVRTPSUsWZY\[]U��o^²f�ghdTija`elv´³jf@[�a`tSU��]RT^o�\{]Pµ^Fe�nTpZ[�U]eT�uPS^`_bvK¶MWZU�YZ_�·

•
[]p\^o[]vT��PVU�RlPVU�nI^FelYZ_}a�f¸^�f�gF{}|$n�^¹WZ�]��eT^`_Xgh{�[�q`{]gh{}|�^oºTtSPV{][�a`tSRT^o�\{]P»��_}a`d�PS{}|�W\acdI·
¼ {]^�_\^½[�RKa`{][]g`�I�]U�¾jvTRTd`{XW\a�WZU]YZ_'^oºTtSPV{�[�a`tVRTa~¿
¼ {][]g�Y\q½¾jvTRld`{sWZU�RTPSU�^oºTtSPV{][�a`tSRTU�¿
¼ fÀW\a`d�PV�mYZ_\^onTRTPSvÁ_b^�{]^��u^o�]U���g�^oºTtSPV{][]gh��[�actVU��¯g$^he�eT^oY�_b�]nTR~gF{}|rd`^oRlYZ_bpZvTd`{XWZPÂnTp\^cÃ�`pba`��PVY�_XgF{][�R~gh{}|:¿

•
nI^o[]RKa`RTPSU�n�^heTYZ_ba�f&^�f�gh{}|Ä�\pZ^Feld`k�f�^onlPVY\v½YZdKi�a`eTRTP�³�f�ghpba`�]U�RTPVa�pZU��ovTtVa`p\RlU`�~�op\a`�
a¹_XgFd�PTºIU�[ÅÃdc^oR~_bU�d�Y�_b^�f&U�¶¯�

•
nI^o[]RKa`RTPSU�RKa`p\[]��eT[]PÆf�Y\nI^o�ua`�~a"W\q`{¯gh{}|�nTpZ[�U¯_Xf�a`pZ[�a`RlPVU�eKa`R~gh{}|$^½^od�p\U]�\tS^oRTUsW�Y\dTijaceTRTP�³jÇTU¯È��ºTPSY\^oRK¶¯w

OQPSU�Ybq²_b^½nTpZ^oYZ_\U�n~g�_}acRTPzalw�Éh[�vTd¹a"W\q`{�RKa²RTPSU�^FeTnI^�f�PVU]eT[�PµRKacn�^`_\d¹a`��g
_ba`d�PVU�nI^¹WZ��{]Pzal�"W\a`d:·
•
Y�_}a`R~g`�

•
nlp\[�UXWZ�\{]Pzal�

•
RlPVU�elU]_bU]p\��PVRTPS[����

•
YZnTp\^�f&a`eT[�a`RTPVUu³jp\U�elvTd`{XW\a~¶¯�

Ê



•
RlPVU�^`ºTtVPS{�[�actVRT^o�Z�`w

� _bpbacd`{�PSU�ºKaceKa`�ÁRKace�^oºTtVPS{�[�a`tVRT^`�\{�PVq²n�^¹W\a�f�Pji�^ÄYZPV�5f�PSU�tSU5��^FelU�tVP>�:d�_\kop\U5�uPVahizg�[�a
[�aceKa`RTPSUv¹WZ�]{�PVU�nI^¹WZ��{]Pza$Ë`Ì�ÍÏÎ»Ð\Ñ�Ò`ÍÏÓ Ë�Ô�Ð¯Î�wÖÕ�^o��U]��g5WZU�vTY\[]U�pZU��o^�f&a`�5f��Twlp\^oYZRKq`{�UXW'Y\Pjizguf�gFp\a`[�v ·
Ê w'a`vF_b^o�uac_XgÄYZd`^o�l{�[�^`RTU`�:f�ghpba`�]U�RTPVa½pZU��ovltza`pZRTU�³EY�_}ahi�a�YZd`^o�T{][�^oRTaunKa`��PV�]��¶Å�
× w'a`vF_b^o�uac_XgÄY�_b^oYZ^�f&U
³EY�_}ahi�a½YZd`^o�l{�[�^`RKaunKac�uPS����ØÙRlPVU�^`�opba`RlPV{�[]^oR~gÄY�_b^oYb¶¯�
Ú w�ºIU�[�^o�op\a`RTPS{�[�U]�Æ·

•
�
a`YZ[]ghR~g��Cvlp\PVRl�~al�

•
YZghYZ_\U���g�xC^`YZ_}aF�

•
pba`{}|�vTRTU]d

λ
³E�QtV^oRT[]^ ° |hvlp\{}|Æ� Éh_bU]nT|TU]R ° w:Û�tVU]U�RTU�¶¯�KPµPSRTRTU`w

Õ�^heTU�tSU�_bU�nI^"f�Y�_}ahiVg�RKa½e�i�vl�o^½nTp\[]U�e�_Xgh�±[�a`RTPS�ÜnI^"f�Y�_}ahiVg�d`^`�unTvF_bU�p�gowÝ'k�f�RT^h{�[]U��ZRTPVU²O'^~a`� ° |T^o��Y\d~g`�ÆtVPSRT�`f�PVY�_}al�Knlp\koºI^�f�ahiÖYZ¾j^opZ�
a`tSPV[]^"f&a`��nI^¹WZ��{]PzaÄÞ`ßZÒ`à�Ò`áEâ"ã¹Î�Pä�å Ñ�â�ã`Ò`w�Éh_Xf&^`p\[]gKiD^oR�|TPVU]pba`pZ{}|TPV�¸WZ�][]ghd`k�fæ^½p\^`Y\RKq`{]UsW�[¹i�^`��^oRT^`�\{�P>·
Ê w��op\a`�uac_XghdhP tVPVRlPV^�f&Uc�
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ç w��op\a`�uac_XghdhP eT^�f&^otSRTU`w
èQPSU�pbacp\{}|TPVa²_ba�fé[�aceT[�Pêf�Pza"W\q`{¯gÄYZn�^oYZkoº�^FeTnI^�f�Pza`eTa²f�gh��PVU]RTPV^oR~gh�Ü��^heTU�tS^o�ë^`ºTtVPS{�[�U]�Æ·
•
�`pba`�uac_Xghd�PÆtVPSRTPV^�f¸U�ìía`vl_\^o�uac_Xg
YZd`^o�l{�[�^`RTU²ìîf�gFp\a`��U]RTPza½p\U]�ovTtVa`p\RTUc�

•
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�:a²U�tSU���U�R~_Xg�a`tê¾Ea`ºIU]_bv�nTpZ[�U][

a, b, c, . . .
w

• H Ò��IÎJI²RTa`e�a`tS¾Eacº�U¯_bU��
Σ
� _\^ÄeT^�f¸^otVR~g�Y\d`^`�T{�[]^oR~g�{�Pzq��
U]tVU]�uU]R�_\k�f
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ε
wæO)a`nTPSYZgºI��eT[]PVU]��g�[]f�ghd�tVU�pZU�nTpZU�[�U]R~_b^�f�ac��nTp\[]U�[�[���PVU]RTRTU

x, y, z, . . .
w

• K�L �`ÞhË�Ô!M)RKa`nTPSY\v�^o[�RKac{�[�ac��g�nTpZ[�U�[ | · | wÂOQnÆw |ala| = 3
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|ε| = 0
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x =
ala, y = ma, z = kota

�&_\^
xyz = alamakota

w@ÉhdhtSUsW\a`RlPVU�RKa`nTPSY\k�f WZU]YZ_�i�q`{�[]RTU`�¸_b[�R w
x(yz) = (xy)z

�:a
ε
WZU�Y�_'U�tVU]�uU]R~_bU��ÜRTU�vl_\pba`tSR~gF�ÜY\d�tVUXW\a`RTPzaF�F_b[]RÆw

xε = εx = x
w

•
xÖpZ[�U�[

an ^`[�RKa`{][�a`�5g
n
ÃXd�pZ^`_bRTU�nI^�f�_bkopZ[�U�RlPVU�YZgh��ºI^otVv

a
w�O'nÆw

a5 = aaaaa
w

a0 = ε
�

an+1 = ana
w
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x�^Fel^oºTRTPSU`�TnTpZ[�U][

xn ^o[]RKa`{�[�a`��g
n
ÃXd�p\^c_bRTU�nI^"f�_\kop\[]U�RTPSU�RKa`nTPSY\v

x
w
x0 = ε

�
xn+1 = xnx

w
•
xÖpZ[�U�[

#a(x)
^o[�RTa`{�[�a`��g�ÍÏÎ»Ð\Ñ�Ì å �Öâ!I¯áPO��IÎ»ð���YZgh��ºI^otVv

a
f@RKa`nTPSY\PSU

x
�KRTnÆw

#a(ala) = 2
w

•
?¸ßbðRQ�ã!I�ð¯àæRKa`nTPSY\v5RKa`[]g�f&a`��g5eT^�f&^`tVR~g�WZU]�o^)nI^h{�[�q¹_bd`^�f�g�¾jpba`�`�uU]R�_��¹_\[�RÆw

x
WZU�Y�_�nTpZUTSKd�Y\U]�

y
f�_Xf�wê�:�oelg�PSYZ_\RTPVUXWZU�_}a`d�PVU

z
�K��U

xz = y
w��`U]��U]tVPµnI^oRKa`el_\^

x 6= ε
P
x 6= y

�F_\^u��k�f�PV��g`�l�]U
x
WZU�YZ_U� L Ò¹Ô�Ð¯ÎV�Öâ¹à±nTp\U�SKd�Y\U]�

y
w
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•
YZvT�ua

∪
�KnTpZ[�U]{�PV�]{�PSU

∩
�K^heTUsWZ��^�f�acRTPVU

\
�

•
el^on�U"i�RTPSU�RTPSU

A = Σ∗ \ A
�
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•
["ijq`{][�U]RTPVUu³Edc^oRTd¹ac_\U�RKa`{XW\a~¶�[�ºTPS^op\k�f

AB = {xy : x ∈ A, y ∈ B}
�

•
nI^`_\���o^�f&a`RTPVU�[]ºTPV^`p\k�f�·

A0 = {ε}
�
An+1 = AnA

�
• A∗ =

⋃

n≥0 An Y fyYZ[�{][�U��`kotVRT^`�\{�P
Σ∗ _b^�Ñ�Ì�ÎP
¹ß'�
I\Ñ�âZI¯á�ã¹Î»Ð65�ÓIÒ��IÎJI!
��±RKa`e a`tS¾Eacº�U¯_bU��

Σ YnTpZ[]g�WZ��v¹WZU]��go�K�]U
∅∗ = {ε}

�
• A+ = AA∗ w
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X�f�p\kh���5gÄv~f�ac�o�5RTa½nIU]f�RlU5nTpZ^oYZ_\U�f�ija`YZRT^o�\{]PM^on�U]pba`{XWZPÆRKa½[�ºTPS^opbac{}|Æ·
• {ε}A = A{ε} = A

�
• ∅A = A∅ = ∅

�
• A(B ∪ C) = AB ∪ AC

w
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Σ∗ WZU�Y�_ÖnTpZ[�U�tSPV{][�a`tSR�g`�`�oeFgF�CWZU]YZ_\U��\�5g�f�YZ_ba`RTPVU¸n�^`Rhvl�uU]p\^�f�ac�&f�Y\[¯gFY�_bd�PVU�YÅi�^�f�aF·DnTvTY�_bUc�WZU�elRT^otVPê_bU]p\^�f&Uc��eFf�vTtVPê_bU�pZ^�f&Uc� PS_\eÆw ° []ghtVP
|Σ∗| = ℵ0

w)�`��[¯gFd�_b^un�^heT[�ºlPVkop
Σ∗ w ° []ghtVP�f�Y\[]ghY�_bd�PV{}|��^o��tSPSf�gh{}|½WZ�][]ghd`k�f8WZU]YZ_
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•
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•
Y�gh�uU¯_bpZgh{][�RKal�

•
acR�_XghY�gF��U]_\pZgh{�[]RKalw

��pbac¾j^�f&a½PSR~_bU�pZnTp\U¯_}a`{XW\a²n�^�f�gh��YZ[]gh{}|�n�^"WZ���`w�x�^¹WZ��{]PVU�eT^o��d�RTPV�]{�Pza�pZU�tVa`{sWZP>·
•
[¯f�p\^`_\RTPVU]�o^T�

ç



•
nlp\[�U]{}|T^heTRTPVU]�o^T�

•
Y�gh�uU¯_bpZgh{][�RTU]�o^

PµPV{}|�PSR�_\U�pZnTp\U¯_}a`{XW\a½�`pbac¾j^�f&alw
òÂó$~ %Áùlú|3�ú�(�&|ie&�+rú

•
�oacd�WZU�Y�_QpZko��RlPV{�a²��PV�]eT[]g

∅
P
ε
¿ E tSU�Y¯izk"f@[�a�f�PVU]pba"W\q²_bU¸WZ�][]ghd�P�¿

•
x�^FeTa"W�f�YZ[]ghYZ_\dhPSU5YÅi�^�f&au[¸WZ��[¯ghdca

{aba, ba, a}{ba, baba}
w

•
x�^FeTa"W�d~_bk`p\U�nTp\U�SKd�YZg�YÅi�^�f�a

ababbbabab
Y\q²p\k�f�RT^h{�[�U]�\RTPSU�WZU]�o^½Y\vfSTdhY\a`��P»w

�



� +�õ�3z_�ø4m)õsú
• � f�PV{][�U]RTPza�RKa�nI^FeTY�_}a�f�g��
a¹_bU��uac_Xgh{�[]RTU²³j�u^`��RKa�f�gFdc^op\[¯ghYZ_}ac��nTp\[]U�eÄnTPSU�p�f�Y\[]gh� f�gFdTi�a¹ÃeTU]�Ä¶Å·

¼ ��nIU�p\a`{sWZU�RKa�[]ºTPV^`pba`{}|Æw
OQPSU�{}|
A, B ⊂ X

wÄOQa`pZghY\^�f&a`�ueTPza`�`pba`�.nTp\[]U�eTY�_}a�f�Pza"W\qc{]g_\U²[�ºTPS^opZg`w�ñQYZ[�U]p\U��`^"f&a`�½nI^oRTPV�]Y\[]U²[�ºTPS^opZg�[��`^FeTRlPVU�[�[�a�f�PVU]pba`RTPSU���w�Û�_bkopZU�YbqÄYZ^oºTPSUpZk�f�RTU�¿ÁÛ�_bk`p\U'RTPVU'Ybq�nI^opZk"f�R~g�f&a`tVRTU�¿ÁÝ'^`[]f�Pzqc[�a`RTPSU��u^o�]RKa5nlp\[�U]eTYZ_ba�f�PV�)f nI^oYZ_ba`{�P
���7�)Ãsalw
∗ A ∪ B

�
∗ A ∩ B

�
∗ X

�
∗ A

�
∗ B

�
∗ ∅

�
∗ X \ A

�
∗ A ∩ B ∩ (X A)

�
∗ (A ∪ B) \ (A ∩ B)

�
∗ X \ (A ∪ B)

�
∗ X \ (A ∩ B)

�
∗ (A \ B) ∪ (B \ A)

�
∗ (X \ A) ∪ (X \ B)

�
∗ (X \ A) ∩ (X \ B)

�
∗ X \ ((X \ A) ∪ (X \ B))

�
∗ X \ ((X \ A) ∩ (X \ B))

w
¼ x�^¹WZ��{]Pza�nTp\U�SKd�Y\vÆ�TnI^oY�_GSKd�Y\v �lnI^FeT{]Pzq��ov½P:n�^heT{�PVqh�`v�YZn�k"WZRTU��o^Ä³EnI^FelY¯i�^�f&a~¶¯w'³�� pbac[�PVUnI^`_\p\[�U]º~g�f�g�W\a`�\RlPV��_bU&n�^¹WZ�]{�PVa~¶¯w��rghºTPSU�pbac��g�eT^�f&^otSR~g�R�vT��U�pD_\U�tVU¯¾j^oR�v²PF_\pba`d~_bv"WZU���g�`^�W\a`du{�PVqh�²{¯gh¾jp]w�xC^heKa`�`·

∗
f�Y\[¯ghYZ_bd�PSU5nTpZUTSKd�Y�g�_\U��o^½{]Pzq��ovÆ�

∗
f�Y\[¯ghYZ_bd�PSU5nI^oYZ_�SKd�YZg�_bU]�o^½{�PVqh�ov �

∗
d�PVtSdca�nI^heT{�PVqh�ok�fí³ERlPVU�dc^oRTPSU�{�[]RTPVU�YZn�k¹WZR~gh{}|:¶ Y PStVU�WZU]YZ_�f�Y\[¯ghYZ_bd�PS{}|:¿

∗
d�PVtSdca�YZn�k"WZR�gh{}|�n�^heT{�PVqh�`k"fª³EnI^heTY¯izk"fQ¶ Y PVtSU�WZU�Y�_Qf�YZ[]ghYZ_\d�PV{}|:¿

¼ ��ghºTPVU]pba`�5g
[]ºTPVkop ×!�FÚ U]tVU���U�R~_\^"f�g`w��oa`d�PVU�Y\q'WZU��o^²nI^heT[�ºTPS^opZgl¿ E tVU�nI^Fel[�ºTPS^op\k�f �ua[]ºTPVk`p
n
ÃXU]tVU]�uU]R�_\^�f�gT¿

•
nlp\^oY�_bU�nTp\[]U��¯f�PV{�[]U�RTPSU�f�nlp\^�f�aceT[�^oR~gh{}|ÁnI^¹WZ����RKa²nTpZ[]ghdTija`eKac{}|Æ�:RTnÆwê·
¼ {a, ab, ba, baba} ∩ {ab, ba}2 �
¼ {a, ab, ba} \ {a}∗{bb}∗{a}∗

w
�



•
�¯f�PV{][�U�RlPza�RKarYZnTpba�f�eT[�a`RTPVU�p\k`��R~gh{}| _b^o�]Yba`��^o�Z{�P5³jfÜnTp\[¯gFnTa`eTd�v�nTp\a�f�el[�PSf�gh{}|ÀvT[�a`YbaceFÃRTPSU�RTPSU`�hf@nTpZ[]ghnKa`eldhv�¾Eahi�YZ[]g�f�gh{}|$dc^oR~_bp\nlp\[]ghdTijace Y WZU��\tSP [�a`{}|T^heT[�Pµ[�a�f�PSU�p\a`RTPVUc�l_b^�f¥d~_bkop\qY�_bp\^`RT��¿"¶¯·
¼ (A ∪ B) ∪ C = A ∪ (B ∪ C)

�
¼ (A ∪ B) ∩ C = A ∪ (B ∩ C)

�
¼ (A ∪ B) ∩ C ⊆ A ∪ (B ∩ C)

�
¼ A(B ∪ C) = AB ∪ AC

�
¼ A(B ∩ C) = AB ∩ AC

�
¼ A(B ∩ C) ⊆ AB ∩ AC

�
¼ (AB)∗ = A∗B∗ �
¼ (A ∪ B)∗ = (A∗B∗)∗

�
¼ A∗+ = A+∗ �
¼ (A ∪ B) = A ∩ B

w
•
° ^½_b^½[�a)WZ�][]ghd�P»·
¼ (A ∩ A∗)∗

�
¼ A∗ \ A+ �
¼ (A ∩ B)∗ \ (A∗ ∪ B∗)

�
¼ {a, ba, bb, ab}∗

�
¼ (ΣΣ)∗

�M³jY¯i�^�f&aunKacp\[]ghY�_bUsW�e�i�vl�o^o�\{]P�¶Å�
¼ (ΣΣ)∗

�M³jY¯i�^�f&auRTPSU�nKacp\[]ghY�_bUsW�e�i�vl�o^o�\{]P�¶Å�
¼ Σ(ΣΣ)∗

³�_bU]��YÅi�^�f&a�RTPSU�nKacp\[]ghY�_bUsW�e�i�vl�o^o�\{]P�¶Å�
¼ Π

E
ΣΣ

�Ü³>a²_b^)WZU�Y�_QnI^½�op\U]{}d�v$nTPS[�[�a�· Ã�¶Åw
•
ñ'�]g�f&a"W\q`{�YZgh��ºI^otSPIPI^onIU�p\a`{sWZP:f�nTp\^�f&a`eT[]^oR~gF{}|�RKa�nlPVU�p�f�Y\[¯gF� f�ghdTija`eT[]PVU½³j{�[¯gFtSP�^`n�U]pba`{XWZPRKa²YÅi�^�f�ac{}|Æ��[]ºTPV^`pba`{}|Æ�"WZ��[]ghd¹a`{}|�PµeTUTSKRlPV{sWZP [�ºTPS^op\k�fQ¶�[�eTU�SKRTPS^"f&a`�&WZ��[¯ghdhP>·
¼ YÅi�^�f&au[�a�f�PSU�pba�W\q`{�U�_XghtVU�Ybac�u^²tSPS_bU]p

a
P
b
�

¼ YÅi�^�f&auRKa`e�a`tê¾Ea`ºIU]_bU]�
{a, b}

³ERTPSU�¶snKa`p\[¯ghYZ_bUXW�e�izvT�o^o�Z{�P>�
¼ actza`pZ�u^�f¸U`�TYZdhpZkF{]^oRTU�PÆ��PV��el[]gh�uPVa`YZ_\^�f&U�R�vT��U�p�gÄ_bU]tVU]¾j^`RTPV{][�RTUc�
¼ PSRTRTU½w�w]w

• ü è)ñ��]f�w Ê w��¹ýFxC^heKa`�¸eT^o��dhRlPV��{]PVUÖ[¯f�p\^`_\RTPV^cÃ÷nTp\[]U�{}|T^heTRTPSU¸P�eT^`�ud�RTPS��{�PSUÂYZgh�uU¯_bp�gF{][�RTU&p\U�tVa`{sWZP
{(1, 2), (2, 3), (3, 4), (5, 4)}

w
•
x�^od¹a`[�ac�`�K��U�RKacYZ_b�]nTv¹W\q`{]U5pZU�tVa`{sWZU�Y\q�pZU�tzac{sW\a`��P pZk"f�Rl^"f&a`�]RT^o�\{]P»·

�



¼ YÅi�^�f&a
x
P
y
Ybq²fépZU�tVa`{sWZP f�_Xf�wê�K�oelg

|x| = |y|
�

¼ YÅi�^�f&a
x
P
y
Ybq�a`RKac�opba`�ua`��P»�

¼ WZ�][]ghd�P
A
P
B
Y\q½f@p\U]tza`{XWZP f�_Xf�wS�:�oeFg

A∗ = B∗ w
•
x�^od¹a`[�ac�`�K��U�RKacYZ_b�]nTv¹W\q`{]U5pZU�tVa`{sWZU�Y\q�{][����Z{�PS^"f�gh��PMn�^opZ[�q`eldcac�uP>·
¼ pZU�tVa`{sW\a²[�a�f�PSU�pbacRTPza

⊆
RKaQWZ�][]ghd¹a`{}|$RKace�vTY�_}a`tS^oR~gh� a`tS¾Eacº�U¯_bU����

¼ pZU�tVa`{sW\a²nI^op\[�q`eTd�v�tSU�d�YZghdc^o�opba�SK{�[]RTU��o^uRKa½Y¯i�^�f&a`{}|Æ�
¼ pZU�tVa`{sW\a²º~gh{�Pza½nTpZUTSKd�Y\U]��w

"



� �
�� o¡�¢ �½¤�� ¬b�M¬�§�� ®]­�®��l�:�n�&«�­�¬ ¡U�:�M¨v� ¡��I���M�5¨��'�&«&¨�­�¬Ù®F�l��«&�u��®
§C¬)���:�]¡�§D­�¬
Éh_ba`R
PKnTpZ[�UXWZ�\{�PSUcq PVR~_\vTPV{XWZU`wCXÆa`dTi�a`eKa`��g`�~��UQnTp\[]UsWZ�\{]Pza�Ybq5RTac_Xgh{}|T�uPVa`YZ_\^�f&Ubq WZU]YZ_�_b^��
a¹_bU��ua¹Ã_Xgh{�[]RKa
a`ºlYZ_bp\a`d`{XW\alw�xÖp\[]ghdTijacelg�YZghYZ_\U���k�fî[�U�YZ_ba`RKa`��PÆPµnTpZ[�UXWZ�\{�PVa`��P»·

•
dc^oYZ_\d¹auÝ�vTºTPSd�� al�

•
[]U��~acp\U�d
{]g�¾jp\^�f�go�

•
Y�_bU]p\^�f�RTPVduf�PVRTelg`�

•
f�YZ[�U]{}|T�Zf�PVac_²³>¿"¶¯w

�U�����l�
�$ �¡C¢3Û'^oRTY�_bp\vld`{sW\a�a`vl_\^o�uac_bv���^heTU�tSv¹W\q`{�U]�o^$el[�Pza�ija`RTPSU¤£hPVelU�^Tw!Õ�^heTU�tSv¹WZU���grnI^FeTY�_}a¹Ãf¸^"f¸U�_XgFn~g�nTp\a`{]g�P dhtVa�f�PVY\[]U`·ÂnTtVa�g`�TYZ_\^onÆ�KnKacvTY\Uc�:¾�f�e�PÆpZU]f�w

�U�����l�
�$ �¡C¢3xÖpZ^oºTtVU]� �uPSYjWZ^oRKacp\[]g�P�d¹a`RTPSºKa`tVP>w�O)a�ºTp\[]U��ov�[]RKa"WZeTv"WZUÄY\PS�u_bpZ[�U]{}|´�uPSYjWZ^oRKacp\[]g�P_bpZ[�U]{}|Ád¹a`RTPVºTa`tVP>wÂÕ$a"W\q½eT^
eFgFYZn�^`[]gh{sWZPÖi�kheTd`�cw¸� i�kheT{�U���^o�~q²Y\PS��[]�uPSU��Z{�PV���ua`d�YZgh�ua`tVRTPSU�elf�PSU^oYZ^oº~gow�� PV^oYÅi�^�f�ac��vl�uPSUsW\qÁf�Y\[¯gFYZ{]g�d¹a`RTPSºKa`tVU�PCWZU]eTU�R���PVYjWZ^`RKa`p\[cw��`U��]U�tVP�RTa�d~_bk`pZgh�udc^otSf�PSU�dºTpZ[�U��`v�[]^oYZ_ba`RTPVU�f�PS��{�UXW�d¹a`RTPSºKa`tSP»��RTPV����PVY�WZ^oRKa`pZ[]g`�l_b^½��PVYjWZ^`RKa`p\[]U�[�^oY�_}a`RTq�w]w�wZ[sWZU�el[�U�RlP»w��ºTY\U]pZf�v¹WZU]��g´Y\U]d~f&U]RT{sWZU�p\vl{}|Tk�fmizkFeTd�P�f�pba`[Ä[�WZUsW�nKa`Y\a`��U]pba`��P»wÁÉFd`^oRlYZ_bpZvT^�f�ac��elPza`�op\a`�YZghY�_bU���v�a`dc{�U]nl_bv¹W\qc{�U��`^'_ba`d�PVU�YZU�d~f&U]RT{sWZU¸p\vT{}|lk"f��¹d~_bkopZUÂnTp\^�f&a`eT[�q�eT^�nTpZ[�U]n�izghRTPS��{�PVa&f�Y\[¯gFY�_bd�PV{}|RKa²eTpZvT�oPµºTpZ[�U��lw
8:92;=<�¥ �)vF_b^o�uac_�YZd`^o�T{][�^oR~g!³EelU]_bU]p\��PVRTPSYZ_Xgh{�[]R~gT¶Å·

M = 〈Q, Σ, δ, s, F 〉

�oeT[]PVUc·
• Q

_\^½Y\d`^`�T{�[]^oR~g�[]ºTPVk`p�I¯á÷Ò`Óz
��Ö�
• Σ

_b^½Y\dc^o�T{][�^oR~g!Ò`Í D]Ò~Ì¯ð¯áC�&ð ä Ô�Ð¯Î»Ë��Öâc�
• δ : Q×Σ → Q

_b^7D¦�FÓlã~Ð ä Ò§�IßZÑ¹ð ä Ô�Ð¯ÎEÒ Y δ(q, a)
_\^�YZ_ba`R
el^5d~_bk`p\U��`^�nTpZ[�U�{}|l^FeT[]PV��g�[]UQY�_}a`R�v

q
RTa�YZdhvF_bU�dÄf¸{�[¯g�_}a`RTPVa�[]RKa`d�v

a
�

• s
_b^�YZ_ba`R�n�^h{�[�qc_bdc^"f�g`�

• F ⊆ Q
_b^½[�ºlPVkop�Y�_}a`RTk�fæacd`{�U]nl_bv"W\q`{]gh{}|Æw

2

 



�)º~g�^od�pZU��\tSPV��a`vl_\^o�uac_���vTYZPV��g
n�^heKa`��PSRl¾j^op\�ua`{XWZU�^�f�YZ[]ghYZ_\d�PV{}|�nTPS��{�PSv�U�tVU]�uU]R~_}a`{}|Æw&Õ�^o�]U���g_b^½[]p\^oºTPS��¾j^op\�ua`tSRTPVUc�FtSvTº�fénI^oYZ_ba`{�PÆ_ba`º�U]tVd�P»·
a b

→ 0 1 0
1 2 1
2 3 2
3F 3 3

tVvlº�_\U���eTPVa`�opbac��vÆ·
b

a
b

a
b

a

a,b

XÆa`tSU]_}q�_ba`d�PV{}|�eTPzac�opba`��k�f!WZU�Y�_QRlnÆwT_b^T�K�]U�RTPVU��ua²d`^oRTPSU�{][�RT^o�Z{�PMRKa`[¯g�f�a`RlPza½YZ_}acRTk�f�w
��a`RTU�eTtVaÁa`vl_\^o�uac_bv�_\^�eT^�f&^otSR~g´RKa`nTPSY

x ∈ Σ∗ w���nTPVY�el[�Pza�ija`RTPVal·nXÆa`{�[¯gFRTa`��g!fëYZ_ba`RTPSUnI^F{][�qc_\d`^�f�gh� P)[]�uPSU�RTPVa`��g´Y�_}a`R~g [��o^heTRTPSU$[�U$[�RKa`d¹a`��P'RKarf¸UsWZ�\{]PVvÆwæx�^�f&{][]g�_}acRTPVvÀ{�ahi�U]�o^Y¯iz^�f�a�WZU]YZ_\U��\�5g�fÙW\a`d�PV����Y�_}a`RlPVU`w8ÉKi�^�f&^�WZU�Y�_�a`dc{�U�nF_b^�f�acRTU`��f�_Xf�wê���oelg�YZ_ba`R�dc^o�T{�^�f�gÁWZU�Y�_a`dc{�U�nF_bv¹W\q`{¯gow
�U�����l�
�$ �¡C¢¨�Q[�Pza�ija`RTPSU�n�^�f�gh��YZ[�U]�o^Äa`vF_b^o�uac_bv�eltza²Y¯izk"f

baabbab
P
babbab

w
8:92;=<C©

δ∗ : Q × Σ∗ → Q

δ∗(q, ε) = q

δ∗(q, xa) = δ(δ ∗ (q, x), a)�)vF_b^o�uac_�Ò¹ã~Ð}ð��Iás� ä ð�I L Ë��&Ë x
f�_Xf�wê�K�oelg

δ∗(s, x) ∈ F
w

ª å Ñ�â"ã
Ò¹ã~Ð}ð��IáXË���Ò`ÓKâ�nTp\[]U�[5a`vl_b^`�
ac_��F_\^T·
L(M) ≡ {x ∈ Σ∗ : δ∗(s, x) ∈ F}

xC^�f�PSU���g`�h�]UÖWZ�][]ghd
A
WZU�Y�_Qßbð»Þ	�hÍêÒ`ßÅÓKâc��WZU��ZtVPTPSYZ_\RTPVUXWZU�_}a`d�P:a`vl_\^o�uac_ÖY\dc^o�T{][�^oR~g

M
����U

A = L(M)
w

2

�U�����l�
�$ �¡C¢ �Qvl_b^`�
ac_Qa`dc{�U]nl_bv¹W\qc{]g
{a, b}∗aa{a, b}∗

w�É�_}a`R~g�p\U]nTp\U][�U]R�_\v¹W\q
[]tVPV{][�a`RlU�dc^otVUXWZRTU�[p\[]��eTv�tVPê_bU]p\d�P
a
w

Ê!�



�U�����l�
�$ �¡C¢ �Qvl_b^`�
ac_�a`d`{]U�nl_\v¹W\q`{¯g
{x ∈ {0, 1}∗ : x

f vTdTija`el[�PVU
ºTPVRKacp\R~gh� WZU]YZ_²nI^Fel[�PVU]tVRTUnTpZ[�U�[ Ú
}
w�Éh_ba`R~g�p\U�nlp\U�[]U�R~_bv"W\qup\U]Y\[¯_Xg��u^heTvTtS^ Ú w|«K^op\�ua`tVR~g�eT^�f¸kFe�n�^`nTpba�f�RT^o�Z{�P>w

x0 = 2x ≡ (2(x
�u^he

3))
��^he

3

x1 = 2x + 1 ≡ (2(x
�u^he

2) + 1)
��^Fe

3

#�óZò ¬ ­ÅúC*®m�&C¯A3�õ°(�&|i±a)mQõ²143�õsú³abh�úC*2`u0214_�`FaCt,+ ùlø4´�û§hsúÂùfmF`)3�}
µ^¶¤· 9®��¡���9®¸ · 9¹¢ O'PVU�{}|

A
P
B
ºI��eKq�WZ�][]ghd¹a`��PCpZU��ovTtVa`p\R~gh��P»w�� k�f&{][�a`Y�RKacYZ_b�]nTv¹W\q`{]U'WZ��[¯ghdhPDYbqp\k�f�RTPSU���p\U]�ovTtVa`p\RTUc·

• A ∪ B
�

• A ∩ B
�

• A
�

• AB
�

• A∗ w
8:º ¶�» ¡|¢3OQPVU]{}|

M1

a`dc{�U]nl_bv¹WZU
A
�:a

M2

a`dc{�U�nF_bv¹WZU
B
w

•
�Q^on�U"i�RTPSU�RTPSU§q nTp\[]U�[�eT^onIU¹izRTPVU]RTPVU

F
w

•
Û'^oRTY�_bp\vld`{sW\a�Ò	�háXË¹à�Ò`á\�¼�IßbË�ï	�~ã¹ásË��&ð»ÞhË

M3

w¼½µU��uac_�·
δ∗3((p, q), x) = (δ∗1(p, x), δ∗2(q, x))

w
�)^�f¸kFe�PVRleTvTd`{¯g�WZR�g`w)X�tVU]�
ac_\v��
ac��gI·

L(M3) = L(M1) ∩ L(M2)
w

•
X�nTp\a�fu�)U5Õ�^opZ�~a`RKa²�ua`��gÄYZvT����WZ�][]ghd`k�f�w

•
ÉhdhtSUsWZU]RTPVU�Pµ�`f�PVa`[�eld`��[�^oY�_}a�f�Pzac��gÄRKa½nI^`_bU]��w

ÊoÊ



� +�õ�3z_�ø4m)õsú
• ü Ûíè�f�w Ê w Ê ýMn�^heKa"W�eTU¯_bU�pZ�uPSRTPVY�_Xgh{�[�R~g�acvl_b^o�uac_�YZd`^o�l{�[�^`R�g�eTtVa'WZ��[]ghdck"f�·

¼ YÅi�^�f&auRKa`e�a`tê¾Ea`ºIU]_bU]�
{4, 8, 1}

[�a�f�PVU]pba"W\q`{]U�n�^heTY¯iz^�f&^ ç "lÊ �
¼ YÅi�^�f&auRKa`e�a`tê¾Ea`ºIU]_bU]�

{a}
^�e�i�vT�`^o�\{]Pµn�^heT[�PSU�tSRTUsW&nTpZ[�U�[ × tVvTº¼�F�

¼ YÅi�^�f&a�RKaceuactS¾Ea`ºIU]_\U��
{0, 1}

�od~_bkopZU�[�a�f�PVU]pba"W\q�nKacp\[]ghY�_}a�tVPV{][�ºI��[�U]p���a�tVPS{�[]ºKaÂWZU�eFgFRlU�dWZU]YZ_Qn�^heT[]PVU�tSRKa�nTpZ[�U][ Ú �
¼ YÅi�^�f&a�RTa`e´a`tê¾Ea`º�U¯_bU]�

{a, b}
[�a�f�PVU]pba"W\q`{]UÄnTpZ[]ghRKa"WZ��RTPVUXW Ú f�ghYZ_bqhnTPSU�RTPVa�YÅi�^�f�a

bbb³jº~gF����^o��U�[�a`{}|T^heT[�q`{]U5RTa�YZPVU�ºlPVU�¶Å�
¼ [�a`nTPSYZgÄf@vTdTija`eT[]PVU�_bpZk¹WZd`^�f�gh� tVPS{�[]º�nI^heT[�PSU�tVR~gh{}|�nTp\[]U�[ ç w

• ü è)ñî�¯f�w × � � ýµn�^heKa"W�eTU¯_bU�pZ�uPSRTPVY�_Xgh{�[�R~g�a`vF_b^o�uac_�YZd`^o�T{][�^oR~g�eTtVa)WZ�][]ghd`k�f�·
¼ YÅi�^�f&au[�acd`^o�T{][�^oRlU5RKa ��� �
¼ YÅi�^�f&au[�a�f�PSU�pba�W\q`{�U�_bpZ[]g�[]U�p\a�[�p\[]��eTv �
¼ YÅi�^�f&al�Kféd~_bkop�gh{}|${�^½nTPVqc_Xg�Y�gF��º�^ot>�ltSPV{�[�q`{�^he�nI^h{�[�q¹_bd�vÆ�cWZU�Y�_�WZU�elghRTd¹ql�
¼ YÅi�^�f&al�Tf@d~_\kopZgh{}|$d¹a`�]eTU�d`^`tVUsWZRlU � Y�gh��º�^`tVP»�htVPS{�[�q`{�^he�n�^h{�[�qc_bd�vÆ�K[�a�f�PSU�p\a�nTp\[¯gFRTa"WsÃ��RTPSUsW�elf�a½[�U]pbalw

•
Éhd`^o�T{][�^oR~g5a`vl_\^o�uac_µeTU¯_bU�pZ�uPSRTPVY�_Xgh{�[�R~g�pZ^o[�nI^o[]RKa"W\q`{¯g�_bUÂY¯iz^�f�al�"f�d~_\kopZgh{}|�RTa�nTa`p\[¯gFY�_Xgh{}|nI^o[]gh{XW\a`{}|�f�ghYZ_\��nTv"W\q Ê Ã÷dhP>w

•
Éhd`^o�T{][�^oR~g�a`vl_b^`�
ac_�elU]_bU]p\��PVRTPSYZ_Xgh{�[]R~g!pZ^o[�nI^o[�RTa"W\q`{]g�_\U
Y¯iz^�f�al�Cf d�_\kopZgh{}|�d¹a`�]eTUu_\p\[¯gdc^otVUXWZRTU�[�RKa`d�P>�TtVPS{�[�qc{�^Fe�nI^F{][�qc_\dhv�Y¯iz^�f�al�K[�a�f�PVU�p\a"W\q½{}|T^F�XWZU�eTRTq Ê Ã÷d`�cw

•
�Qvl_b^`�
ac_�a`d`{]U�nl_\v¹W\q`{]g�YÅi�^�f�aF·
¼ [�a�f�PVU�p\a"W\q`{]U5nI^FelY¯i�^�f&a

abb
�

¼ RlPVU�[�a�f�PVU]pba"W\qc{�U�n�^heTYÅi�^�f�a
aba

�
¼ [�a�f�PVU�p\a"W\q`{]U5eKacR�g�R�vT��U�p�_\U�tVU¯¾j^oR�vÆ�KRTnÆw �o×��	�~×`Ú �T{�[¯gFtSP
¾ �~×����~×`Ú ¾
³jeT^oºTpZ[�U`�:�]U�º~g�RhvhÃ��U�p�_\U�tVU¯¾j^oR�v�º�gKi�_bpZ^F{}|l��["i�^o�ZtVPêf�gÄPµ[�a�f�PSU�pba�i�YZf¸^¹WZU�f�i�a`Y\RlU5nTpZUTSKd�Y�gT¶Åw

• ü Û8þ�È�w × ýTxC^heKa"W�a`vl_\^o�uac_Xg�acd`{�U]nl_bv"W\q`{�U�nTpZ[�U�{]PV�]{�PVU¿@cY\vl�u�CWZ�][]ghd`k�f a`dc{�U]nl_b^�f&a`R~gF{}|
nTp\[]U�[nI^oRTPS��Y\[]U�a`vl_b^`�
ac_XgI·
a b

→ 1 2 2
F 2 1 1

a b
→ 1 1 2
F 2 2 1

a b
→ 1 2 3
F 2 3 1
F 3 1 2

a b
→ F71 3 2

2 1 3
F 3 2 1

Ê"×



a b
→ 1 2 2
F 2 1 1

a b
→ 1 2 1
F 2 1 2

• ü Û è'f�w Ê w × ýQxC^heKa"WÄa`vl_\^o�
a¹_Xg�a`d`{]U�nl_\v¹W\q`{�U$nTp\[]U�{�PS��{]PVU!@¹Y\vT���½WZ�][]ghd`k�f a`d`{]U�nl_\^"f&a`R~gh{}|nTpZ[�U][5nI^oRTPS��Y\[]U�a`vl_\^o�
a¹_Xg�·
a b

→ 1 1 2
F 2 2 1

a b
→ 1 2 3

2 3 1
F 3 1 2

•
�Qvl_b^`�
ac_�a`d`{]U�nl_\v¹W\q`{]g�[�a`nTPVY�g Ê!� Ã»_bRTU�tSPV{][�º�nI^FeT[]PVU]tVR~gh{}|�nTpZ[�U][ Ú w

•
�Qvl_b^`�
ac_�a`d`{]U�nl_\v¹W\q`{]gI·
¼ {ab}∗

�
¼ {ab}∗ ∪ {ba}∗

• ü è)ñ �]f�w × w Ú ý&Ý�^o[¯f�a`��a`��g���U�{}|Ka`RlPV[�� nI^od¹a`[�acR�g�RKa�pZghY\vTRldhv w�Éh_b^`Y\^�f�RTPVUueT^$f¸{�[¯gh_Xg~Ãf&a`R~gh{}|8[]RKa`dck"f���f�pZ[�vT{�a`��g dhvltVd�P'fy��PVUXWZY\{�a`{}| ^o[]RKa`{][�^oR~gh{}|
a
P

b
w¥Û�vltVd�P�Y\nKa`eTa"W\q`{f�ghºTPSU�pba�W\qrd�PVU]p\vTRTd�P'[��o^heTRTU�[$vlYZ_}a�f�PSU�RTPSU��0[�acnKa`eTU]dIw@�`U�elRKa`d�d�vTtVd¹a�Y\nKa`eTa"W\q`{$nI^�f&^¹ÃeTv"WZU'[]�uPVa`RT��vTY�_}a�f�PVU]RTPza�[�acnKa`eTd�P»w�XÆa`��^FeTU]tVv¹WDnTpZ[�U]eTYZ_ba�f�PS^oR~g½�uU]{}|Ka`RTPS[��8W\acd`^5a`vl_b^`�
ac_YZd`^o�T{][�^oR~g`w²Ý�ghYZvTRTU�d�nlp\[�U]eTYZ_ba�f�Pza�YZ_ba`R�n�^h{�[�qc_bdc^"f�g`w²�`U]�\tVPDdhvltVd¹a
f�ghnKa`eTRTPSU�fÙ�uPSUsWZY\{]v^o[]RKa`{][�^oR~gh�ÁÀsa`dc{�U]nl_bv¹W�Âb�T_b^½YZ_ba`R�n�^�f�PVRlPVU�R�º~gh��acd`{�U]nl_bv"W\q`{]g`w

a b

Akceptuj Odrzuc

Ê�Ú



� �
�� o¡�¢ Ã
¤uÄÅ�Æ�M¨v� ¡Ç�:� ­�®¯¬�¢�¬b�M¬�§�� ®]­�®��l�:�n�&«�­�¬)È�É�Ê¹Ë È$Ê¹Ì
[�óZò Í	m¸öFû)õ�3�0�ø
ÀsÝ�^o[]dhtSU�dc^`_}a`R~g�Â¸a`vl_\^o�uac_MeTU]_\U�pZ�uPSRTPVY�_XgF{][�R~gow�OQPVUÂf�PzaceT^o��^'el^odTija`eTRlPVU W\a`d�P�p\vT{}|�f�ghdc^oRKal�o��^o�]Uf�ghd`^oRTa`�$ÓKÎ»ð\ïhð¯áXð¯ßÅà²Î�ÓKÎJI¯á>â~Ð\Ñ�ÓKÎ»ð)WZU�elU�R![²f�PSU�tVv�p\vl{}|Tk�f�w�Éhgh��vTtVa`{sW\aF·�elPza`�op\a`�._\^�nltza`RTYZ[�al�MnI^d~_bkopZUsW�nTp\[]U�YZv�f&a`��gÁnTPV^oRldhP>w5�`U��\tSP�[�U²Y�_}a`R�vÆ�Æf d~_bkop�gh� WZU�Y�_�nTPV^`RTU�d�f�gF{}|l^FeT[]P�f�PVU]tVU�d�pba�f¸��eT[]P^o[]RKa`{�[]^oR~gh{}|ÀYZgh��ºI^otVU]�3f�g�WZ�Z{�PS^"f�gh���&_b^rYZ_ba�f�PVa`��g�nTPS^oRTd�P�f¸U�f�Y\[¯ghYZ_bd�PS{}|8Y�_}a`RTa`{}| eT^h{�U]tV^cÃf�gh{}| Y WZU]��U�tSPC[5eKa`RTU]�o^ÄY�_}a`R�vÁRTPSU�f�gh{}|T^heT[]P���a`elRKau_}acdca�d�pba�f&�]e�Î`��_b^
nlPV^oRTU]d�[�RTPSdcaFwQx�^Fel^oºTRTPSU��^o��U]��g��uPSU��Âf�PV�]{�UsWCRlPV�MWZU]eTU�R�YZ_}acR�n�^h{�[�qc_bdc^�f�gÇq3RKa)nI^F{][�qc_\d�v�YZgh��vTtVa`{sWZPhvTY�_}a�f�Pza`�5g�nTPV^oRldhPf¸U�f�YZ[]ghYZ_\dhPS{}|ÁYZ_ba`RKa`{}|�nI^F{][�qc_\d`^�f�gh{}|Æw�)vl_\^o�uac_�acd`{�U]nl_bv"WZU�Y¯i�^�f¸^uWZU��ZtVP�n�^Á[�a`d`^`�T{�[]U�RTPSv´YZgh��vTtVa`{sWZPÂf d~_bkop�gF��d`^`tSf�PVU]d�[�UÄY�_}a`RTk�fa`dc{�U�nF_bv¹W\q`{¯gh{}|!ºI��eT[]PVU�[]RKa"WZeT^�f&a`�½Y\PV��nTPV^oRlU�d:w E RlR�gh��P�Y¯iz^�f�go�Ma`vl_\^o�uac_�a`dc{�U]nl_bv¹WZU½YÅi�^�f&^�WZU]�\tVPà
Ë�Ï¹ð�YZPV��[�eKacp\[]gh��_}acdhPSU�^oºTtVPS{�[]U�RTPSU`�ld~_\kop\U�nTpZ^"f&a`eT[]PMeT^)WZU��o^½[�a`a`d`{]U�nl_\^"f&a`RTPValwÕ�^o�]RKa5^�_Xgh� n�^o�5gF�ZtVU]��W\acd�^5nlp\[�U]nTtza¹_}a"W\q`{¯gh{}|ÄY\PS�'eFf&kh{}|
nTpZ^F{]U�Y\a`{}|Æ·Ö[��oa`elg�f�acRTPza�p\^o[¯f�Pzq¹Ã[�acRTPza²PhWZU]�o^²f&U]pZg2SKd¹a`{sWZP>w
�U�����l�
�$ �¡C¢3O'PVU¯¾j^op\�ua`tVR~g`wD�)vF_b^o�uac_�acd`{�U]nl_bv"W\q`{]g
Y¯i�^�f&al�lf d~_bk`pZgh{}|�nTp\[]U�eT^oY�_}ac_\RTPÆ[]RKa`d½_b^ Ê wÉhgh��vTtVa`{sW\a²eTtVa�Y¯iz^"f&a �FÊoÊ!���lÊ¿� w

[�ó$# Ð ølÑpmQõ�3�0�ú úÂû'öA&|iªúÖöFû
8:92;=<CÒ �)vF_b^o�uac_�RTPSU�eTU¯_bU]p\��PVRTPSYZ_Xgh{�[]R�g`�T_b^½nTPVqc_bd¹a

M = 〈Q, Σ, δ, S, F 〉
�l�oeT[�PSU`·

• Q
_\^½Y\d`^`�T{�[]^oR~g�[]ºTPVk`p�YZ_}acRTk�f��

• Σ
_b^½Y\dc^o�T{][�^oR~g�a`tS¾Eacº�U¯_�f&UXWZ�\{]PV^�f�go�

• δ
_b^½¾jvTRTd`{XW\a�nlp\[�UXWZ�\{]Pza

δ : Q × Σ → P (Q)
³ ∼= p\U]tza`{XW\a

δ ⊆ Q × Σ × Q
¶Å�

• S ⊆ Q
_b^½[]ºTPVkop�Y�_}a`Rlk"fén�^h{�[�qc_bdc^"f�gh{}|Æ�

• F ⊆ Q
_b^½[�ºlPVkop�Y�_}a`RTk�fæacd`{�U]nl_bv"W\q`{]gh{}|Æw

Ý'^`[�Y\[]U�pZ[�U�RlPVU�¾jvTRTd`{XWZPMnTp\[]UsWZ�\{]Pza
δ∗ : P (Q) × Σ∗ → P (Q)

eTUTSTRTPVv¹WZU]��gÄRTa`YZ_\��nTv¹W\qc{�^T·
δ∗(A, ε) = A

δ∗(A, ax) = δ∗(δ(A, a), x)�)vl_\^o�uac_
M

acd`{�U]nl_bv"WZU5YÅi�^�f&^
x
f�_Xf�wê�:�oelg

δ∗(S, x) ∩ F 6= ∅
w�`��[¯gFd�a`dc{�U]nl_b^�f&a`R~g�nlp\[�U][�acvl_b^o�uac_��F_b^l·

L(M) = {x ∈ Σ∗ : δ∗(S, x) ∩ F 6= ∅}

2�)vl_\^o�uac_Xg�eTU]_\U�pZ�uPSRTPVY�_XgF{][�RTU5�u^`��U��5gÄ_bp\a`d~_b^�f�ac��W\a`dc^
Y\[]{�[]U��okotSR~g�nlp\[]ghnKaceTU�d�a`vl_\^o�
a¹_bk�fRTPSU�eTU¯_bU�pZ�uPSRTPVY�_Xgh{�[�R~gh{}|Æw
Ê ç



Ó4 ��zÔ�¢3OQPVU]{}|
M = 〈Q, Σ, δ, s, F 〉

ºI��eT[]PVU�a`vl_\^o�
a¹_bU��0elU]_bU]p\��PVRTPSYZ_Xgh{�[]R~gF��w�� k�f&{][�a`YÄa`vFÃ_b^`�
ac_ÄRTPVU]eTU]_\U�p\��PVRlPVYZ_Xgh{][�R~g
M ′ = 〈Q, Σ, δ′, {s}, F 〉

�Q�oel[�PVU
δ′(q, a) = {δ(q, a)}

a`d`{]U�nl_\v¹WZUeT^odTi�a`eTRTPSU�_bU�R�Ybac�ÙWZ��[¯gFd
L(M) = L(M ′)Û�PVtVd¹a�f�i�a`Y\RT^`�\{�PÆ¾jvlRTd`{XWZP

δ∗
·

ÕC9AÖ× fÔ�¢Ø�)tVa�eT^�f&^`tVR~gh{}|
x, y ∈ Σ∗ �ua`��g δ∗(A, xy) = δ∗(δ∗(A, x), y)

w
8:º ¶�» ¡|¢3xÂpZ[�U][�PSRTeTvTdc{sWZ��[�U�f�[��`tV��elv�RKa

|y|
w

ÕC9AÖ× fÔ�¢Ø«KvTRTdc{sW\a
δ∗
WZU]YZ_Qp\^o["ijq`{][�RKa²[�U�f�[]�otV�]eTv�RTa�YZvT�u^�f&a`RTPSU�[�ºTPS^op\k�f��T_b[]RÆwê·

δ∗(
⋃

i

Ai, x) =
⋃

i

δ∗(Ai, x)

8:º ¶�» ¡|¢3xÂpZ[�U][�PSRTeTvTdc{sWZ��[�U�f�[��`tV��elv�RKa
|x|

w
[�ó\[ Ð ø öFøÆù�iªõ�m)õ�_�ú|3�0�ú ú�û�öA&^iªú�öFû
xC^`dcac��U��5go�T�]U�Y\Pjija5f�ghpbac[�v�a`vl_\^o�
a¹_bk�f RTPVU]eTU]_\U�pZ�uPSRTPVY�_XgF{][�R~gh{}|�WZU�YZ_�eT^odTija`elRTPVU'_}a`d¹a�Ybac�
al��W\a`deTU¯_bU�pZ�uPSRTPVY�_Xgh{�[�R~gh{}|ÆwÂ� _Xgh�±{]U�tSv���vTY\PS��g
nI^od¹a`[�a`�`�T�]U�eTtza�d¹a`�]eTU��`^uacvl_b^o�uac_\v�RTPVU]eTU]_\U�p\��PVRlPêÃYZ_Xgh{][�RTU]�o^
PSYZ_bRlPVUsWZU�pZk�f�RT^�f�a`�]R~g���v�acvl_b^o�uac_�elU]_bU]p\��PVRTPSYZ_Xgh{�[]R~gow

XÆa`v~f�ac����g`�¸�]UÄfÜ_bp\a`d`{]PVUÄY�gh��vTtzac{sWZP�eT[]Pzahi�a`RTPVaÁa`vl_\^o�
a¹_bv�RTPSU�eTU¯_bU]p\��PVRTPSYZ_Xgh{�[]RTU��o^�RTPSUÄ�ua[�RTa`{�[]U�RTPVal�K{�[¯g�RTa½eTa`R~gF� nI^otSv�[]RKa"WZeT[]PVU�Y\PS��WZU]eTU�R �I{][]g�f�PS��{�UXW�nTPS^oRTdck"f�w E YZ_\^`_bR~g�WZU]YZ_ÖWZU�elghRTPSU[�ºlPVkop�nIkot»� RKa�d~_\kopZgh{}|rfíeKa`R~gh�,d�p\^od�v�[�RKa"WZelv¹W\q�YZPV�²nTPS^oRTd�P»w½OQa`Y\[�a�dc^oRTY�_bp\vld`{sW\a�º��]eT[�PSU½n�^cÃtVU]�~ahi�a½RTau[�ºlvTeT^�f�acRTPVv$a`vl_b^`�
ac_\v�eTU]_\U�p\��PVRlPVYZ_Xgh{][�RTU]�o^T�Id�_\kop\U]�o^�YZ_}acRKa`��Pµº��]eKqÄÑ�Ì�Î»Ë¹ßÅâÄY�_}a`RTk�fa`vl_\^o�uac_bv�RTPSU�eTU¯_bU]p\��PVRTPSYZ_Xgh{�[]RTU��o^lw
�U�����l�
�$ �¡C¢3O'PVU¯¾j^op\�ua`tVR~g`wQ�Qvl_b^o�uac_)a`d`{]U�nl_\v¹W\q`{¯g�Y¯iz^"f&al� fæd~_\kopZgh{}|�nTp\[]U�eT^`YZ_}a¹_bRTPC[�RKa`d�WZU�Y�_p\k�f�R~g Ê w�É�_}a`R~gÄRlPVU�^`Y\Pzq��~a`tSRTU)RlPVU��ua"W\q�[�RTa`{�[]U�RTPVa½RTa�eT[�PVahija`RlPVU�a`vF_b^o�uac_bv �hf�PS��{���^o��RKa�^`�opba¹ÃRTPS{�[]gh�'Y\PS�QeT^ ç Y�_}a`Rlk"f ^`Y\Pzq��~a`tSR~gF{}| �~{�^�el^odTija`eTRlPVU'^FeTnI^�f�Pza`eTa�acvl_b^o�uac_\^"f�PK[�a`nKa`��PV�¯_bv¹W\qc{�U���velf&a�^`YZ_}a¹_bRTPSU�[�RKa`d�Pµf¥Y¯i�^�f�PSU`w

�U�����l�
�$ �¡C¢3O'PVU¯¾j^op\�ua`tVR~g`w��)vl_\^o�uac_�a`d`{]U�nl_\v¹W\q`{¯g�Y¯i�^�f&a�^�e�izvT�o^o�Z{�PÖnI^FeT[]PVU]tVRTUXW�nlp\[�U][ Ú tVvlº
� w��`U]elghR~g�RTPVU]eTU]_\U�pZ�uPSRTPV[]� n�^otSU��~a�RKauf�ghºTp\a`RTPVv�Y�_}a`R�v�nI^F{][�qc_\d`^�f¸U��o^Tw��Qvl_b^o�uac_QeTU]_\U�pZ�uPSRTPêÃYZ_Xgh{][�R~g�º��]eT[�PSU���Pza�i ×��	� Y�_}a`RTk�f��:{}|T^h��_XgFtSd`^ ÊZ� º��]eT[�PSU�^oY\PVqh�oa`tVR~gh{}|Æw

ÊZ�



Wl<ÙW4<s> ÚÆº�¸,ÛTÔ!��Ü���Ý6Þ� × �Ü�Ô!º�Öß AÔZÜáàdº�Ô!â2ã¹º ¶ 92ã¹º
OQPSU�{}|

M = 〈Q, Σ, δ, S, F 〉
ºI��eT[]PVU½a`vF_b^o�uac_bU]�.RlPVU�elU]_bU]p\��PVRTPSYZ_Xgh{�[]R~gF��w½�`U]�o^�eTU]_\U�p\��PVRlPV[�ac{sW\qºI��eT[]PVU��5g�RKa`[¯ghf&a`�5a`vl_\^o�
a¹_�eTU]_\U�pZ�uPSRTPVY�_XgF{][�R~g

M ′ = 〈P (Q), Σ, δ′, S, F ′〉
�T�oeT[]PVU`·

δ′(A, a) = δ∗(A, a)

F ′ = {A ⊆ Q : A ∩ F 6= ∅}xC^`dcac��U��5go�K��U�^oºKa½a`vF_b^o�uac_Xg�acd`{�U]nl_bv"W\q½_\U�Y\a`��U¸WZ��[]ghd�P»w
ÕC9AÖ× fÔ�¢Ø�)tVa�eT^�f&^`tVR~gh{}|

A ⊆ Q
P
x ∈ Σ∗ [�ac{}|T^Fel[�P
δ∗(A, x) = δ′∗(A, x)

8:º ¶�» ¡|¢ E RTeTvTdc{sW\au[]U�f�[��otS��eTv�RKa
|x|

wÛQ^opZ[]ghYZ_ba"W\q`{�[�_bU��`^�tSU��uac_bv �leT^�f¸kFeÆ�:�]U
L(M) = L(M ′)

WZU]YZ_'RKac_Xgh{}|T��Pza`Y�_b^�f�gow
[�ósr ä�û�öA&^iªú�ö�`å_

ε æ .)ùf_ ø�02¯®3 õsú|iªõ
Õ�^o�]U���g$WZU]Y\[]{�[�U�p\^`[�Y\[]U�pZ[]gh�$nI^¹WZ��{]PVU�a`vl_\^o�uac_bv�RTPSU�eTU¯_bU�pZ�uPSRTPVY�_Xgh{�[�RlU��o^T�Âf�nTpZ^"f&a`eT[�a"W\q`{�_b[¯f�w
ε
ÃXnTpZ[�UXWZ�\{�PValwÖÉFq�_\^�nTp\[]UsWZ�\{]Pzal��d~_bk`p\U�a`vl_\^o�uac_Ö��^o��U�f dcac��eTUXWÂ{}|~f�PVtSPlf�ghd`^oR~g�f�ac�`�lRlPVU�f¸{�[]g�_\v¹W\q`{RTPS{�[�f¸UsWZ�Z{�PValw
�U�����l�
�$ �¡C¢ �Qvl_b^`�
ac_'acd`{�U]nl_bv"W\q`{]g

a∗b∗c∗
w¸x�^op\k�f�RKacRTPVU�[�a`vl_\^o�uac_bU]�ÜeTU¯_bU�pZ�uPSRTPVY�_Xgh{�[�R~gh��w

8:92;=<^ç �)vF_b^o�uac_�[
ε
ÃXnTpZ[�UXWZ�\{�PVa`��P»��_b^²_}a`d¹a²nTPVqc_bd¹a

M = 〈Q, Σ, δ, S, F 〉
�T�oeT[]PVU`·

• Q
WZU]YZ_'Y\dc^o�T{][�^oR~gh�y[�ºTPS^op\U]�ÜYZ_ba`RTk�f��

• Σ
_b^½Y\dc^o�T{][�^oR~g�a`tS¾Eacº�U¯_��

• δ : Q × (Σ ∪ {ε}) → P (Q)
_b^²¾jvTRTdc{sW\a½nTp\[]UsWZ�Z{�PzaF�

• S ⊆ Q
_b^½[]ºTPVkop�Y�_}a`Rlk"fén�^h{�[�qc_bdc^"f�gh{}|Æ�I^op\a`[

• F ⊆ Q
_b^½[�ºlPVkop�Y�_}a`RTk�fæacd`{�U]nl_bv"W\q`{]gh{}|Æw

xÖp\[�U][
D(A)

^o[�RKac{�[�ac��g�[�ºlPVkop�Y�_}a`RTk�f��:d~_bkopZU��u^o�]RKa�^oYZPzq��oRKq`��[
A
nI^onTp\[]U�[

ε
ÃXnTpZ[�UXWZ�\{�PValwÝ'^`[�Y\[]U�pZ[�U�RlPVU�¾jvTRTd`{XWZPMnTp\[]UsWZ�\{]Pza

δ∗ : P (Q) × Σ → P (Q)
eTU�SKRTPSv¹WZU���gÄRKa`YZ_\��nTv"W\q`{�^T·

δ∗(A, ε) = D(A)

δ∗(A, ax) = δ∗(δ(D(A), a))�`��[¯gFd�a`dc{�U]nl_b^�f&a`R~g�nlp\[�U][�acvl_b^o�uac_�[
ε
ÃXnlp\[�UXWZ�\{]Pza`��P�_\^T·

L(M) = {x ∈ Σ∗ : δ∗(S, x) ∩ F 6= ∅}

2

Ê!�



�oa`d�i�ac_Xf¸^�[�a`v~f&a`�]gh�`�Ca`vl_\^o�uac_Xg�º�U][
ε
Ã÷nTp\[]UsWZ�Z�²Ybq
_XghtVdc^�YZ[�{][�U��`kotVR~gh� nTpZ[]ghnKa`eldhPSU��,acvl_b^cÃ�uac_bk�f [

ε
Ã÷nTp\[]UsWZ�\{]Pza`��P»w�x�^od¹a`��U]��g�WZU]eTRKa`d:�Ö�]U

ε
ÃXnTpZ[�UXWZ�\{�PVa�RTPSU
[¯f�PV��d�YZ[�a"W\qÁYZPEizg�f�ghpbac[�v´P���U[�a�f�YZ[�U&��^o�]RKa�WZUÂf�goU]tVPS�uPSRT^�f�a`�cwwXÆa`v~f�a`�]��go�c��U�[¸nI^�f�gh��Y\[]UsWDeTU�SKRTPV{XWZP

δ∗
f�ghRTPVd¹al�c��UÂf�gFY�_}a`pZ{�[¯gf@_Xgh�±{]U�tSvÆ·

•
[�a`YZ_bqhnlPV�

S
nlp\[�U][

D(S)
�

•
eltza�d¹a`��elU��o^

q ∈ Q
P
a ∈ Σ

[�a`YZ_bqhnlPV�
δ(q, a)

nTpZ[�U�[
D(δ(q, a))

w
XÆa`v~f&a`����g`�K��Uc·

D(
⋃

i

Ai) =
⋃

i

D(Ai)

{�[¯ghtVP
δ∗(A, xa) =

⋃

q∈δ∗(A,x)

D(δ(q, a))

Õ�^o�]RKa½n�^od¹a`[�a`�`�l��U
δ∗(S, x) = δ′∗(D(S), x)

[�ó$~ %'&)(�*hûpie&�+�úCm)õsø
Ý�U�a`YZvT��v¹W\q`{c��Y\Pjija�f�ghpba`[]víacvl_b^o�uac_\k"f eTU¯_bU]p\��PVRTPSYZ_Xgh{�[]R�gh{}|Æ�½RTPSU�eTU¯_bU]p\��PVRTPSYZ_Xgh{�[]R�gh{}| P�[

ε
ÃnTpZ[�UsWZ�Z{�PVa`�uP�WZU�YZ_'eT^`dKi�a`eTRTPSU�_}a`d¹a²Ybac�
alw

Ê �



� +�õ�3z_�ø4m)õsú
• ü Û þDÈ�w Ú ý��Qvl_b^o�uac_½RTPSU�eTU¯_bU]p\��PVRTPSYZ_Xgh{�[]R�g-q W\a`d�PCWZ��[]ghd�a`dc{�U]nl_bv¹WZU�_bU]R acvl_b^o�uac_�w´èQP ÃY�_b^op�g�WZd¹a$^�p\^o[]�uRTa`��a`RlPVv!YZPV�
a`vl_b^`�
ac_\k�f��C�oeFgr��^o�]tVPSf�gh{}|�WZU]YZ_5f�PVU�tSUunlp\[�UXWZ�\�ÄP��oPSRTPV�]{�PVvdc^onTPVP>���`elg�ºTpba`d�WZU�Y�_�nTpZ[�UXWZ�\{�PValw��Qvl_b^o�uac_)a`d`{]U�nl_\v¹WZU²Y¯iz^�f&^T� �oelg�{}|T^h�'WZU�eTRTa�WZU��o^ud`^onTPVaWZU�[�a`a`d`{]U�nl_\v¹WZU`wFX eTU]_\U�pZ�uPSRTPV[]^"f&a`��nI^oRTPS��YZ[]g�a`vl_\^o�uac_�w

b b b

a

a

a
a

•
x�^FeTa"W�a`vF_b^o�uac_�RTPSU�eTU¯_bU]p\��PVRTPSYZ_Xgh{�[]R�g�a`d`{]U�nl_\v¹W\q`{]g�f�YZ[]ghYZ_\dhPSU
YÅi�^�f�a�[�a�f�PSU�pba�W\q`{�U½Y¯iz^�f&^
bababba

w)xC^opZk�f�RKa"WQ�o^�[�a`vF_b^o�uac_bU]�±eTU¯_bU�pZ�uPSRTPVY�_Xgh{�[�R~gh�mYZ_Xf¸^op\[]^oR~gF�mp\�]{�[]RTPVU5PMfîf�g~ÃRTPSd�v�elU]_bU]p\��PVRTPS[�a`{XWZPµa`vl_\^o�uac_bv�RTPSU�eTU¯_bU]p\��PVRTPSYZ_Xgh{�[]RTU��o^lw
• ü Ûíè�f�w × w Ê ý,�)U]_\U�pZ�uPSRTPV[�a`{sW\a²a`vF_b^o�uac_bv w

s t u v

a, b

a a a

• ü ÛíþDÈ�w ç w acý��)U¯_bU�pZ�uPSRTPV[�a`{sW\a²acvl_b^o�uac_\vÆwÖxC^`�uPS��f@d`^oRlYZ_bpZvTd`{XWZPMYZ_}acR�g�RlPVU�^`Y\Pzq��~a`tSRTU`w

b

a

a

b

• ü ÛíþDÈ�w � ý��QU]_bU]p\��PVRTPS[�a`{XW\a�a`vl_\^o�uac_bvÆw�xC^o��PV�Äf@d`^oRTY�_bpZvTd`{XWZP�Y�_}a`R~g�RlPVU�^`Y\Pzq��~a`tSRTU`wDxC^heKa"WW\a`d�PSUQ[]ºTPV^op�g�YZ_}acRTk�f@acvl_b^o�uac_\vuRTPSU�eTU¯_bU]p\��PVRTPSYZ_Xgh{�[]RTU��o^�^FeTnI^�f�Pza`eTa"W\q5Y�_}a`RT^`�ëacvl_b^o�uac_\veTU¯_bU]p\��PVRTPSYZ_Xgh{�[]RTU��o^lw

s t u v

a, b

a a b

s t u v

a a b

a, ba, b

Ê!"



•
�QU]_bU]p\��PVRTPS[�a`{XW\a²a`vl_\^o�
a¹_bvÆwÖx�^o��PV��fédc^oRTYZ_\p\vTdc{sWZPMYZ_ba`R~g�RTPVU]^oY\PVqh�oa`tVRTUcw

a

a

ba

a

p
b

q

s

a

s p q

a
b

a
a

b

b

a,b

a

b b

a

s p

q r
a,b

s
a

a

ab

a

b
p

q

Ê! 
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r'óZò +ê.Qù�&�+rúC(§_ ø4m)õsø
��n�^�f�PVa`YZ_\dcaÄ^Äf�ghp\a`��U]RTPza`{}|�p\U]�ovTtVa`p\R~gh{}|�fíñQRlPêÈFPVUcw5��v�p\^o[]nKac_bpZv¹WZU��5gÁeTvT�]^�vTº�^`��Y\[�qÄf&U]p\YjWZ�c�a`tSU�_b^½eTtza¹_bU��`^T�l�]U5RTPSU�PVR~_bU]p\U]Y\v¹WZU�RKa`Y�nTp\a`d~_Xgh{�[�RTaunI^op\�]{�[�Rl^o�\�c��actVU�_bU]^op\U¯_Xgh{�[�RTauY\Pjija�f�ghpba`[]vÆw
r'ó$# ¬ _�&Âùf3 ø
8:92;=<Cë

ε, ∅, a, αβ, α ∩ β, α ∪ β, α∗, α+, α 2

�U�����l�
�$ �¡C¢
• (a∗bba∗) ∩ (ab ∪ ba)∗

�
•
[�a`nTPSYZg�eT[]PVU]Y\PV�¯_bRTU�tSPV{�[]º�RKac_\vTpba`tSR~gF{}| w

�QUTSKRTPS{sW\a
L(α)

w
•
�oacdÄY\nTp\a�f�eT[�PS�`�K{�[¯g�Y¯iz^"f¸^�nKa`Y\v"WZU5eT^²f�[]^op\{�a~¿

•
° [¯g�W\a`d�PVU]d`^otêf�PVU�duY¯iz^"f¸^�nKa`Y\v"WZU�el^�f�[]^op\{�a~¿

•
° [¯g�eTtza�d¹a`�]eTU��`^�WZ�][]ghd¹a�PSYZ_bRlPVUsWZU�^`nTPVYZv¹W\q`{]gÄ�o^²f�[�^opZ[�U�{�¿ÁOQPSU`w

•
° [¯g�f�Y\[¯gFY�_bd�PVU�^onIU�p\a`{sWZU�Ybq½nI^`_bpZ[�U�ºlRTU�¿ÁO'PVU`w

8:92;=<Cì Ý�k"f�Rl^"f&a`�]RT^o�\��f�[�^`p\{�k�f
≡
w

2

�C^`��Ybac�u^o�Z{�PµeT^c_XgF{][�q`{]U5f�[]^op\{]k"f�·
• α(β ∪ γ) ≡ αβ ∪ αγ

�
• (β ∪ γ)α ≡ βα ∪ γα

�
• ∅α ≡ α∅ ≡ ∅

�
• α+ ≡ α ∪ αα+ ≡ α ∪ α+α

�
• (αβ)∗α ≡ α(βα)∗

�
• (α∗)∗ ≡ α∗ �
• (α∗β∗)∗ ≡ (α ∪ β)∗

w
r'ó\[ ¬ `�ùlúCí ø4m)õsú ùTø4´Âû§h�úÖùfm)ø
�)U�SKRTPV{XW\a½f�ghp\a`��U]�$p\U]�ovTtVa`p\R~gh{}|²W\acd`^½f�[�^opZ{�k�f@f@d�_\kopZgh{}|�RTPVU�f�ghYZ_\��nTv"W\ql·

∩
�
α
P + w

×	�



r'ósr îït,+ðm§&,+�úCízm§&|¯®xñ+ð_z&Öù�3�t,+yò�+ê`�ùlú|í�ø4ó ùlø4´Âû�hsúÖù�mF`)3f} õÀúÂû'öA&|iªúÖöAt�+
*2aC&Có�3z_�&CmF`)3�}

µ^¶¤· 9®��¡���9®¸ · 9¹¢ OQa`YZ_\��nTv¹W\qc{�U�YZ_Xf�PVU]p\eT[]U�RTPVa�Y\q²p\k�f�RT^�f�ac��RTUc·
 �ô

A
WZU�YZ_Qp\U]�ovTtVa`p\R~go�F_b[�R wKPVYZ_\RTPVUXWZU�_}a`d�PMa`vF_b^o�uac_�YZd`^o�T{][�^oR~g

M
�K�]U

A = L(M)
�

õ ô
A = L(α)

eTtVa²n�U¯f�RTU��o^½f�[�^`p\{�a
α
�

ÝAô
A = L(α)

eTtza�nIU]f�RTU]�o^uf�ghp\a`��U]RTPza½p\U]�ovTtzacp\RTU]�o^
α
w

8:º ¶�» ¡ È�É²Ê¹Ë È$Ê¹Ì ¢0xC^`dcac��U��5go�K��U
c) ⇒ b)

�
b) ⇒ a)

P
a) ⇒ c)

w
c) ⇒ b)

��{�[]g�f�PSYZ_bUc�:º�^½d¹a`��elU�f�ghp\a`��U]RTPVU�p\U]�ovTtzacp\RTU¸WZU]YZ_�f�[�^opZ{�U]��w
b) ⇒ a)

E RTeTvld`{]g�WZRTPSU�nI^
YZ_\p\vTd~_\vTp\[]U
α
ºTvTeTv¹WZU]��g�a`vl_\^o�
a¹_Q[

ε
ÃXnTpZ[�UXWZ�\{�PVa`��P»�K^�WZU�eTR~gh�yYZ_}acRTPVUnI^F{][�qc_\d`^�f�gh� PMa`d`{]U�nl_\v¹W\q`{¯gF���Kd~_bkop�g�a`d`{]U�nl_\v¹WZU�Y¯i�^�f&a�nTa`Y\v¹W\qc{�U�eT^½f�[�^opZ{�alw

• ε
�
∅
�
a
q nTpZ^oYZ_\U`w

•
�)tza

α = β
d`^oRTY�_bpZvTd`{XW\a
nTp\[]U�ºTPSU��~a�f@dhPStVd�v�d�p\^od¹a`{}|Æ·

Ê w�U�tSPV��PVRKa`{XW\a
ε
ÃXnlp\[�UXWZ�\��PµeTU¯_bU�pZ�uPSRTPV[�a`{sW\a²acvl_b^o�uac_\v�a`d`{]U�nl_\v¹W\q`{�U]�o^

β
�

× w�eT^onIU¹izRTPVU]RTPVU�[]ºTPV^opZv�YZ_}acRTk�fîa`dc{�U�nF_bv¹W\q`{¯gh{}|Æ�Ú w�Y\nTpZ^�f�a`el[�U�RlPVU�[�ºTPS^op\v�YZ_ba`RTk�fîacd`{�U]nl_bv"W\q`{]gh{}|�eT^)WZU�elRTU��o^�YZ_ba`R�vÆw
• α ∪ β

�
α+ � αβ

q p�gFYZvTRTU]dI�
•
�)tza

α = β ∩ γ
P
α = β∗ f�ghd`^opZ[]ghYZ_\v¹WZU���g�_b^`��Ybac�u^o�Z{�P>·

β ∩ γ ≡ β ∪ γ

β∗ ≡ ε ∪ β+

a) ⇒ c) ö vTeTv"WZU���g�f�ghp\a`��U]RTPza´p\U]�ovTtVa`p\RTU$^onTPVYZv¹W\q`{]UÁ¾jpba`�o��U�R~_Xg�a`vl_b^`�
ac_\vÆ·
αX

u,v

^onTPSY\v¹WZUÁ_\UYÅi�^�f�aF�T[�a�nI^o��^F{�q�d~_bkop�gF{}|���^o��RKa5nTp\[]UsWZ�\��[
u
eT^

v
[�a¹_bp\[¯gh��v¹W\q`{�YZPV��nI^²eTpZ^FeT[]U¸WZU�elghRTPSUf@YZ_}acRKa`{}|�[

X
w��rghpbac��U�RlPVU

αX
u,v

eTUTSKRlPVv¹WZU]��g�PVRleTvTd`{¯g�WZRTPVU�[�U�f�[]�otV�]eTv�RTa
|X|

w
Ê w'��[]RKa`{�[]��g�nTp\[]U�[

a1, . . . , ak
f�Y\[¯ghYZ_bd�PSU�d�pba�f&�]eT[�PSU)nTpZ^�f�a`el[�q`{]U�[

u
el^

v
wD� k�f¸{�[�acY�·

α∅
u,v =

{

a1 ∪ . . . ∪ ak ∪ ε ; u = v
a1 ∪ . . . ∪ ak ; u 6= v

× w�O'PVU]{}|
q ∈ X

w
αX

u,v = αX−{q}
u,v ∪ αX−{q}

u,q (αX−{q}
q,q )∗αX−{q}

q,vO'PVU�{}|
F = {f1, . . . , fl}

w�� k"f¸{�[�a`Y�·
L(M) = L(αQ

s,f1
∪ . . . ∪ αQ

s,fl
)

×FÊ



�U�����l�
�$ �¡C¢ ü Û  w Ú @ �cÚ ýµxÖp\[]U�d�Y\[¯_}ahiz{�U]RTPVU�a`vl_b^`�
ac_\vÄfépZk"f�Rl^"f&a`�]RTU5f�ghpbac��U�RlPVU�p\U]�ovTtzacp\RTUcw
q

r

0
1

p
10

0

�`��[¯ghd�a`d`{]U�nl_\^"f&a`R~g�nTp\[]U�[�a`vl_\^o�
a¹_CWZU�Y�_Q^`nTPVY\a`R~gÄf�ghpba`�]U�RTPSU���w
α{p,q,r}

p,p = α{p,r}
p,p ∪ α{p,r}

p,q (α{p,r}
q,q )∗α{p,r}

q,pxDa¹_bp\[�q`{�RKa�a`vl_b^`�
ac_��u^o�]U���guf�g�f�RTPV^oYZd`^�f&a`�`·
α{p,r}

p,p = 0∗

α{p,r}
p,q = 0∗1

α{p,r}
q,q = ε ∪ 01 ∪ 000∗1 = ε ∪ 00∗1

α{p,q,r}
q,p = 000∗Éh_bq`eÆ·

α{p,q,r}
p,p = 0∗ ∪ 0∗1(ε ∪ 00∗1)∗000∗��a`tSUsW]�lf�ghp\a`��U]RTPVU�_b^���^o��RKa²vTnlp\^o�Z{�PV��el^

ε ∪ (0 ∪ 10)∗0
w

r'ó$~ ÷�úC*~öf&C*®&,+�úCm)õsú úÂû'öA&|iªú�öAt,+ *®aC&Có�3�_z&CmF`)3f}
•
�QRKa`tSPV[�a¹_b^op�g
tSU�d�YZghd¹a`tVRlU
³ ö ñ)Û�¶Åw

•
Ý�^o[]n�^o[]RKa�f�acRTPVU�f�[�^`p\{�k�f�w

•
�rU�p�g2SKd¹a`{sW\a½YZghYZ_\U���k�føq �u^heTU]tÆ{}|TU�{}d�PSRT�Tw

¥�<Ù©4<s> ùÆº¹� õ Ü,¡,º ¶  �¸� ú¡4�4ã¹�Z9®Û$Þ� �û ü°8ý8�þ Ì
ö �p�é³>a`RT�lwlÌ�Î�ÓIÒ`ßÅâ�ïhð}Ð¯ÎJI¯Î»Ë¹Óuï`ÎEÒ�Þ`ßZÒ`à�I¹¶ _\^)nTpZ[]ghdTija`e�{]PVU]dca�f¸UsWCY�_bp\vld�_\vTpZg5eKa`R~gh{}|Æ�~d~_bk`pbaQ[ÆWZU�elRTUsWYZ_\p\^oR~g�WZU�Y�_ÄY\[]{�[]U��okotSR~gF� p\^heT[�a�WZU�� a`vl_\^o�
a¹_bv YZd`^o�l{�[�^`RTU��o^l�)a![�eTp\vl�oPVUXW�WZU�Y�_�YZ_\^oY\^�f&a`RKa!ff¸U�pZg2SKd¹a`{XWZPM�u^heTU�tS^�f&UXW�eT^½ºKacp\eT[]^uU¯¾jU�d~_Xg�f�RTU��o^
p\U�nlp\U�[]U�R~_b^�f&a`RTPVaueTvT�¯gh{}|Áa`vl_\^o�uac_bk�f�wO)a ö �p�.��^o�]U���g´nTac_bpZ[�U��²W\a`d�RKa�p\U]nTp\U][�U�R~_ba`{sWZ��³EY\U]�
acR�_Xghd�P�¶�¾j^opZ��v�izg�[�eKa`RlPV^�f&UXW]wÀxC^¹Ãf�PVU]eT[��5go�µ��U�fÙ¾j^opZ��vTtVU5�u^`�~q
f�ghYZ_b�]n�^�f&a`��[���PVU�RlRTU�[�eTa`RTPV^�f¸U

x1, x2, . . . , xn

w�� k�f¸{�[�a`Y���Y\UÅÃ�ua`R~_XgFd¹qQ¾j^`p\��v�iVg�[�eKa`RlPV^�f&UXW:WZU�YZ_D¾jvTRTd`{XW\a�nTp\[¯ghnTPVYZv¹W\q`{�a)f&a`p�_b^o�Z{�PV^�f&a`RTPS^o� []�uPSU�RTR~gh{}|�f&a`pZ_\^o�\{]PnTp\a�f�eTa�@¹¾EahizY\[`w�Û�a`�]eTU²f�a`p�_b^o�Z{�PS^"f&a`RTPSU²[���PVU]RTR~gF{}|r�u^`��U��5gÁp\U]nTp\U][�U]R�_\^�f�a`��W\a`d`^�{]Pzq��
n
f&a`psÃ_b^`�\{�P � @ Ê �T{][]ghtVPFW\a`dc^½Y¯i�^�f¸^
RKace�actS¾Ea`ºIU]_\U��

{0, 1}
�le�i�vT�`^o�\{]P

n
w

×o×



ö �p�2��^o��U]��g�_bp\a`d~_b^�f�ac��W\a`d�eTU]_\U�pZ�uPSRTPVY�_XgF{][�R~g a`vl_b^`�
ac_uY\dc^o�T{][�^oR~gÀpZ^o[�nI^o[�RTa"W\q`{]g eT^cÃdTija`elRTPVU$_\UÁY¯iz^�f�a´e�izvT�o^o�Z{�P
n
RTa`e8a`tS¾Ea`ºIU]_\U��

{0, 1}
��d~_bkopZUÁ^Feln�^�f�PzaceKa"W\qrf&a`pZ_\^o�\{]PV^�f&a`RTPV^`�Y\nIU¹izRTPza�W\q`{]gh�yeKa`RKq½¾j^op\��v�i��cw)É�_}a`R~g ö �p�íY\q
v�i�^`��^oRTUÇÀXnTPS�]_\pba`��PÿÂcq RTauRKa"W�f�gh�]Y\[]gh�2nlPV�]_\p\[]UWZU�Y�_�_XghtVdc^uWZU�eTU]R�Y�_}a`R´nI^h{�[�q¹_bd`^�f�g`�¸a�RKaÁRKa"WZRTPS��YZ[]gh� nTPS�]_\p\[�U
elf�aÁY�_}a`R~g-ÀXnTp\a�f�eTa�ÂuP|À÷¾Ea�i�Y\[¦Â}w

X@d¹a`��elU��o^´Y�_}a`R�v ³EnI^o[�arYZ_}acRKa`��PcÀ÷nTpba�f�eKa�Â�PcÀ÷¾EahizY\[�Âs¶½f�gh{}|T^heT[�q´elf&a´nTp\[]UsWZ�Z{�Pza�³EeTtVa � P Ê ¶nTpZ^"f&a`eT[�q`{�U�^)WZU�eTRl^unTPS�]_\p\^²féeTkhiXw
�)tza½eKa`RlUsW�¾j^`p\��v�iVg�[�eTa`RTPV^�f¸UsW��u^o�]U�PVYZ_\RTPVU]��f�PVU�tSU�³EpZk"f�Rl^"f&a`�]R�gh{}|:¶�acvl_b^o�uac_\k"f¥p\U]nTp\U][�U]RFÃ_bv"W\q`{]gh{}|�W\qFwÂ��e ö ��� f�gh�ua`�~a`��g'WZU�eTRKacdI�Fa`º~g²º~gKi _\^��uPSRTPV�ua`tVR~g5a`vl_\^o�uac_ÖY\dc^o�T{][�^oR~gow&Õ�PSRTPêÃ�ua`tVPS[�a`{XW\a ö �p�ínTpZ[�U]ºTPVU]�~a
[��`^FeTRlPVU�[�actV�o^op�g�_b��U��±^onlPVYbacR�gh� fînÆw � �:{}|T^h��eT[]PV�]dhPlÀ÷nTPV�¯_bp\^�f¸UsW�ÂºTvTel^"f�PSU ö �p�@��^o��RKa��o^�[�a`PS�unTtSU���U�R~_b^�f&a`��U]¾jU]d�_Xg�f�RTPSUsW]w¸Õ�PSRTPV�ua`tVPS[�v¹WZU]��g ö �p�@^he
el^Fi�vÆ��nI^WZU�elR�gh� nTPS�]_\p\[�U�RKa²p\a`[`w
�)[�PS��d�PÆ��PVRTPS�
actVPV[�a`{sWZP>�celtza�d¹a`�]eTUsW¸¾j^opZ��v�izgu[�eTa`RTPV^�f¸UsW&�ua`��g�eT^odTijaceTRTPVUÖWZU�eTU]R ö �p�îp\U]nTp\UÅÃ[�U]R~_bv¹W\q`{¯g�W\qlw)xC^o[¯f�actzau_\^ÄRKa�i�ac_Xf&U5YZ_Xf�PSU�p\el[�U�RlPVU`� {�[]g$elf�PVU�¾j^op\��v�izg�Y\qÄp\k�f�RT^�f�ac��RTU�³j��vTY\[�q��PVU���PSeTU�R~_Xgh{�[]RTU ö �p��¶¯� {][]g�¾j^opZ��v�ija)WZU�Y�_)_ba`vl_b^`tV^o�oPVq�³E��vlY\PMº~gF��p\k�f�RT^�f�ac��RKa
nlpba�f�eT[�PSU�¶Å� tVvlº{�[¯g�WZU�Y�_QYZn�U"i�RTPVa`tVRTa�³EYZ_ba`R:ÀXnTp\a�f�eTa�Â���vlY\Pµº~gh��^`Y\Pzq��~a`tSR~gT¶ÅwÛQ^oRlYZ_bpZvTd`{XW\a ö �p� pZU�nTpZU�[]U�R~_bv¹W\qc{�U��`^8eTa`RKq�¾j^`p\��v�iz�r[]eKa`RTPS^�f�q�nTp\[]U�ºTPSU��~a []�o^heTRTPVU�[�WZUsWYZ_\p\vTd~_\vTpbqlw���a¹_Xf&^���^o�]RKa![�ºlvTeT^�f�ac� ö �p�2pZU�nTpZU�[�U]R~_bv¹W\q`{]U�¾j^op\��vIizgú�IßZÒ	��ï~Ò`�
D]Ò L I\Ñ���{�[¯g xi

w�`U��ZtVP��
a`�5g ö �p�ép\U]nTp\U][�U�R~_\v¹W\q`{]g
¾j^op\��vIi��
ϕ
�l_b^ui�ac_Xf¸^²�u^o�]RKa�[�RlPVU��`^�[�pZ^oºTPV� ö �p�îp\U]nTp\U][�U]RFÃ_bv"W\q`{]g

¬ϕ
q f�ghY�_}a`pZ{�[]g$[�a`��PVU]RTPV��p\^`tzquY�_}a`R~g'ÀXnTp\a�f�eKa�Â5P�À»¾Eahi�YZ[�ÂÄ³>a�f�PV��{�_}a`d�Y\a`�u^�W\a`d�nTp\[¯gd`^`RTYZ_\p\vTdc{sWZPCa`vl_b^`�
ac_\v�a`d`{]U�nl_\v¹W\q`{]U��o^ueT^onIU¹i�RlPVU�RlPVU¸WZ��[¯ghdcao¶¯wÛQ^oRlYZ_bpZvTd`{XW\a ö �p� eltza�d`^`RTPVvTRld`{sWZP�P)a`tS_\U�pZRKac_Xg�f�grWZU�Y�_�_bpZvTeTRTPSUsWZY\[�alw ��{][]g�f�PV�Z{�PVU���^o��RTa[�ºlvTeT^�f�ac��^Feln�^�f�PVU]eTRTP5a`vl_\^o�
a¹_�nlp\^heTvTd~_b^�f�g8P5[]�uPSRTPV�ua`tSPV[�^�f&a`�Á�o^lwyÛQ^oYZ[]_Á_ba`d�PVU��`^ a`tS�o^cÃpZg�_\��v�WZU�YZ_'eT^`dKi�a`eTRTPSU�_}a`d�P>�¹W\a`d
PStV^h{�[¯gFR�tSPV{][�º�YZ_ba`RTk�f ö �p� pZU�nTpZU�[�U]R~_bv¹W\q`{¯gh{}|Á{�["i�^oR~g�a`tê_bU]p\RKa¹Ã_Xg�f�gf@cd`^oRlPVvTRTdc{sWZP>w ö �p�8f�ghRTPSd`^�f�g½RTPSU���vTY\PK��PVU]��WZU�elRKa`d²a`��_XghtVU�Y�_}a`Rlk"f�����^o��U�º~gh�'�uRTPSUsWZYZ[]gowxC^`RTPV�]UsWÂ^`nTPVYZ[�U��5g½dhpZk`_bdc^�a`tS�o^op�gh_\���`d�_\kopZg½�ua�_}a`d¹q�Yba`�uq�[¹iz^o��^oRl^o�\�'n�U]YZgh��PVYZ_Xgh{][�RKql�la`tVU���^o�]U_bU]��[�a`{}|T^�f�g�f&a`��YZPV��tVU]nTPVUXW]wOQPSU�{}|

⊗
^`[�RKa`{][�a�eT^�f¸^otVR~g�ºlPVRKa`pZR~g�^onIU�p\ac_b^`pDºI^F^otS^�f�Y\d�Pµ³jRTnÆw`dc^oRTPSvTRTd`{XWZ��tVvTº²actS_bU]p\RKa¹_Xghf¸��¶ÅwOQPSU�{}|

M1

P
M2

ºI��eKq ö �p� p\U]nTp\U][�U]R�_\v¹W\q`{¯gF��P»��^heTnI^"f�PSU�eTRlPV^T�¹¾j^op\��vIizg
ϕ1

P
ϕ2

wÂÉF[]vTd¹a`��g ö �p�
M ′ p\U]nTp\U][�U�R~_\v¹W\q`{�U]�o^ ϕ1 ⊗ ϕ2

w�`U��ZtVP
M

WZU�Y�_ ö �p���Æ_\^�nlp\[�U][ M |a
^o[�RTa`{�[¯gF�5g ö �p���µd~_\kop\U]�o^�YZ_}acRTU��2nI^h{�[�q¹_bd`^�f�gh� WZU]YZ_YZ_ba`RÆ�~eT^�d~_\kop\U]�o^�nTpZ[�U�{}|l^FeT[]PV��g�[�U�Y�_}a`R�v²nI^F{][�qc_\d`^�f&U]�o^

M
n�^he�f�n�izg�f¸U��

a
w E RKa`{][�UsW���k"f�PVq`{`�

M |a
_\^�[�a�f¸����U]RTPVU

M
eT^u_XgF{}|�f&a`pZ_\^o�\{]PV^�f&a`�Æ�ÆfÙd~_bkop�gF{}|

x1 = a
w5��{][]g�f�PV�Z{�PSU

Ma
i

�ua�WZU�elRT^
ÀXnlPV�]_\p\^�Â)��RTPVUXW�RlPV�

Mi

w
Mi

0

}}||
||

||
|| 1

!!
BB

BB
BB

BB

M0
i M1

iÛQ^`RTYZ_\p\vTv¹W\qc{
M ′ ^onlPVU�p\a`��guY\PS��RTa½RTa`YZ_\��nTv¹W\qc{�UsW�_b^o�]Yba`��^o�\{]P»·

(ϕ1 ⊗ ϕ2) ∧ (x1 = a) ≡ (ϕ1 ∧ (x1 = a)) ⊗ (ϕ2 ∧ (x1 = a))

×`Ú



{�[¯ghtVP
M ′|a = M1|a ⊗ M2|a

wÂ�Ca`d
f�PV�]{
M ′ ��^o�]RKa²Y\d`^`RTYZ_\p\vT^�f&a`�5f@RKa`YZ_\��nTv"W\q`{]g�YZn�^oYZkoºÆ·
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M1|0 M1|1 M2|0 M2|1��{�[¯ghf�PS�\{]PVU
ºIU�[]n�^`�\p\U]eTRTPVa�PV��nTtSU���U�R~_}a`{XW\aÄ_bU��`^$nI^o��ghY¯izvÆ�:W\a`dc^$nTpZ^F{]U�eTvlpZg�p\U]dhvlp\U�Rl{]g�WZRTUsW��ua[¹iz^o��^`RT^o�\��f�ghdKi�a`eTRTPS{�[�qlw��`U��]U�tVPÂ^o[]RKa`{][]gh��g�nTp\[]U�[
ni,k

tVPS{�[]º��²f�PVU]p\[]{}|T^Fi�dck�f f
Mi

RKa
k
Ã»_Xgh�nTPS�]_bpZ[�Uc�T_b^½�u^`��RKa²vT[¯gFYZd¹a`�5["i�^o�]^oRT^o�Z�

Θ(
∑n

j=1 n1,j · n2,j)
wQ³>xDa¹_bp\[�[�a`eKa`RTPSU�[ ¾�ÃXd¹qlw ¶

× ç



� +�õ�3z_�ø4m)õsú
• ü Ûíè�f�w Ú w Ê ý,�)tza²nI^oRTPS��Y\[¯gh{}|²WZ�][]ghd`k�fænI^FeKa�W�f�ghpbac��U�RlPza½p\U��`vTtza`pZRTU`·

¼ {x|x
[�a�f�PVU�p\a�nTa`p\[¯gFY�_}q½tVPS{�[�ºI��YZgh��ºI^otSP

a}
�

¼ {x|x
[�a�f�PVU�p\a�RlPVU�nTa`p\[¯gFY�_}q½tVPS{�[�ºI��Y�gF��º�^otSP

b}
�

¼ {x|x
[�a�f�PVU�p\a�nTa`p\[¯gFY�_}q½tVPS{�[�ºI��YZgh��ºI^otSP

a
tSvTº�RTPVU]nKa`p\[¯ghYZ_}q½tVPS{�[]º���Y�gF��º�^otSP

b}
�

•
x�^FeTa"W�f�ghpbac��U�RlPza½p\U��`vTtza`pZRTU�^onTPSY\v¹W\qc{�U¸WZ��[¯ghd�[¹i�^`��^oR~g�[]U5YÅi�k�f�·
¼ RTa`e$actS¾Ea`ºIU]_\U��

{a, b}
�Td~_bkopZU�RlPVU�[�a�f�PVU]pba"W\q²nI^FelY¯i�^�f&a

aa
�

¼ RTa`e$actS¾Ea`ºIU]_\U��
{a, b, c}

�ld�_\kop\U�RTPSU�[�a�f�PVU]pba"W\q½nI^FeTYÅi�^�f&a
aa
�

¼ RTa`e$actS¾Ea`ºIU]_\U��
{a, b}

�Td~_bkopZU�[�a�f�PVU�p\a"W\q½n�^heTY¯iz^�f&^
bbab

�
¼ RTa`e$actS¾Ea`ºIU]_\U��

{a, b, c}
[¹iz^o��^`R�gh{}|�_XgFtSd`^�[&WZU�eTRTU]�o^�p\^heT[�a"WZv�Y�gF��º�^otSP»�

¼ RTa`e$actS¾Ea`ºIU]_\U��
{a, b, c}

[¹iz^o��^`R�gh{}|�{�^�RKa"W�f�gh��UXW'[�elf&kh{}|$pZ^Fel[�a`PÆY�gh��º�^`tVP»w
• ü è)ñ �]f�w × w Ê`Ê �Ma~¶'ºK¶sý���nTPSY\['WZ�][]ghd�P�p\U]nTp\U][�U�R~_\^"f&a`RTU�nTpZ[�U�[²RTa`YZ_\��nTv¹W\qc{�U²f�ghpba`�]U�RTPVaÄp\U��`vFÃtVa`p\RTUc·

¼ (11 ∪ 0)∗(00 ∪ 1)∗
�

¼ (1 ∪ 01 ∪ 001)∗(ε ∪ 0 ∪ 00)
�

• ü ÛíþDÈ�w ÊoÊ ý��Qtza²n�^`RTPV�]Y\[]gh{}|²WZ��[]ghdck"fén�^heKa"W&f�ghpba`�]U�RTPVa�pZU��ovTtVa`p\RlU`·
¼ {x ∈ {a, b}∗| x

RlPVU�[�a�f�PSU�pba½nI^FeTYÅi�^�f&a
a}
�

¼ {x ∈ {a, b}∗| x
RlPVU�[�a�f�PSU�pba½nI^FeTYÅi�^�f&a

ab}
�

• ü ÛíþDÈ�w Ê"× ý��Q^onKa`YZv¹W'a`vF_b^o�uac_XgÄRlPVU�elU]_bU]p\��PVRTPSYZ_Xgh{�[]RTU�P f�ghpba`�]U�RTPVa�pZU��ovltza`pZRTU`w�wêwSwêw
• ü ÛíþDÈ�w Ê�Ú ý��Q^onKa`YZv¹W'a`vF_b^o�uac_XgÄRlPVU�elU]_bU]p\��PVRTPSYZ_Xgh{�[]RTU�P f�ghpba`�]U�RTPVa�pZU��ovltza`pZRTU`w�wêwSwêw
• ü Û,þDÈ�w Ê ç ýQx�^FeKa�Wua`vl_\^o�
a¹_uRlPVU�elU]_bU]p\��PVRTPSYZ_Xgh{�[]R~g ^!{�[]_\U�pZU�{}|ÀYZ_ba`RKa`{}| ^FeTnI^�f�Pza`eTa"W\q`{]gf�ghpbac��U�RlPVv�p\U��`vTtza`pZRTU���v

(01 ∪ 011 ∪ 0111)∗
w

• ü è)ñ �¯f�w × w Ê"× ý�x�^FeTa"W�acvl_b^o�uac_Xg$Y\d`^`�T{�[]^oRTU
^heTnI^�f�Pza`eKa�W\q`{�U²RKacYZ_b�]nTv¹W\q`{¯gh�2f�gFp\a`��U]RTPV^`�pZU��ovTtVa`p\R~gh��·
¼ 10 ∪ (0 ∪ 11)0∗1

�
¼ 01[((10)∗ ∪ 111)∗ ∪ 0]∗1

�
¼ ((0 ∪ 1)(0 ∪ 1))∗ ∪ ((0 ∪ 1)(0 ∪ 1)(0 ∪ 1))∗

w
• ü Ûmþ�È�w Ê!� ý�x�^FeTa"W�a`vl_b^`�
ac_5eTU¯_bU�pZ�uPSRTPVY�_Xgh{�[�R~g!^FeTnI^�f�Pza`eTa"W\q`{]grRKa`Y�_b�]nTv¹W\q`{¯gF� f�ghpba`�]U¯ÃRTPS^o�ÜpZU��ovltza`pZR�gh��·

×��



¼ (00 ∪ 11)∗(01 ∪ 10)(00 ∪ 11)∗
�

¼ (000)∗ ∪ (00)∗1
�

¼ (0(01)∗(1 ∪ 00) ∪ 1(10)∗(0 ∪ 11))∗
w

• ü ÛîþDÈ�w ÊZ� ý x�^FeTa"W�f�ghpba`�]U�RTPSU)p\U]�ovTtVa`p\RTU'^heTn�^�f�PVa`eKa"W\q`{]U)acvl_b^o�uac_\^"f�P:RTPSU�eTU¯_bU]p\��PVRTPSYZ_Xgh{�[ÅÃRTU]��vÆw

a,b b

a

a,b

• ü Û þDÈ w Ê �¹ýQxC^heKa"W�f�ghp\a`��U]RTPVUÁpZU��ovltza`pZRTU$^heTnI^"f�PVa`eKa"W\qc{�U�a`vl_b^`�
ac_\^�f�P'elU]_bU]p\��PVRTPSYZ_Xgh{�[ÅÃRTU]��vÆw

a

b a

b

b

a

• ü Û þDÈ w Ê!" ýDxC^`p\k�f�RKa"WQf�ghpba`�]U�RTPVa
p\U]�ovTtVa`p\RTU�nI^Fe�dcq¹_bU��mp\k�f�RT^`�\{�P @c[�a�f�PSU�pbacRTPza½Y\PS��^heTn�^¹Ãf�PVa`eKa"W\q`{¯gh{}|´PV�ëWZ��[¯ghd`k�f�wr��eln�^�f�PVU]eT[�P�vT[�a`Yba`elRTP W]w$ñQeT^�f¸^FeTRlP W5nI^o�u^h{�RlPV{�[]UupZk�f�RKa`RTPSU
a(ba)∗ = (ab)∗a

w
1) (0 ∪ 1)∗ 0∗ ∪ 1∗,
2) 0(120)∗12 01(201)∗2,
3) ∅∗ ε∗,
4) (0∗1∗)∗ (0∗1)∗,
5) (01 ∪ 0)∗0 0(10 ∪ 0)∗.

• ü Û�þDÈ�w Ê! ýF��[�RTa`{�[]��g
α = (a∪b)∗ab(a∪b)∗

wDx�^FeKa�Wµf�ghpba`�]U�RTPSU¸pZU��ovltza`pZRTUÖ^Feln�^�f�PzaceKa"W\q`{]Uf�[]^op\{]^"f�P
α
�K[�a`dTi�a`eKa"W\q`{c�K��Uc·

Ê w
Σ = {a, b}

�
× w

Σ = {a, b, c}
w

• ü è)ñî�¯f�w × w Ê�Ú ýMxC^heKa"W�f�ghpba`�]U�RTPVa�pZU��ovTtVa`p\RlU�^FeTnI^�f�Pza`eTa"W\q`{�U�acvl_b^o�uac_\^o��·

0 1

0

1

1

0

1 0
0

1

0

1

×	�



•
x�^FeTa"W�f�ghpbac��U�RlPza½p\U��`vTtza`pZRTU�^heTn�^�f�PVa`eKa"W\q`{]U�a`vl_\^o�
a¹_b^o��·

b

a a

b

a,b

a,b

b

a

a

a

a
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OQPSU�d¹a`��elg�WZ��[]ghd5WZU]YZ_'p\U]�ovTtzacp\R~gow¸Éh_ba`RTeKa`pZeT^�f�g�nTpZ[]ghdTija`e�_b^

A = {anbn : n ≥ 0}
w

8:º ¶�» ¡�
G¸ · 9 ¶ à,��º�ÛTÔ�ôZ¢ O'PVU]{}|
M = (Q, Σ, δ, s, F )

ºI��el[�PVUÄa`vl_b^`�
ac_\U�� a`dc{�U�nF_bv¹W\q`{¯gh�
A
PRTPSU�{}|

n = |Q|
wQ� k�f¸{�[�a`Y�[�[�acYba`elg�Y\[]vlÇ:a`eld`^�f&UXWU�)PSp\PS{}|TtVU¯_}auPSYZ_\RTPVUXWZU�_ba`d�PDYZ_ba`R

q
�
u ≥ 0

^`pba`[
v > 0

�µ�]U
n = u + v

�
δ∗(s, au) = δ∗(q, av) = q

w�� k"f¸{�[�a`Y�_}a`d�Yba`��^5WZU�Y�_�a`d`{]U�nl_\^"f&a`RTUc�DtSvTºRTPSU`�TYÅi�^�f&^
aubn P

anbn w�ÉFnlp\[�U]{�[]RT^o�\�cw
ÕC9AÖ× fÔpº:àdº�Ößàdº ¶  �¸ · Ü�
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A
ºI��eT[]PVUµWZ��[]ghd�PVU]� pZU��ovltza`pZR�gh��wC� k�f¸{�[�acYÖPVYZ_\RTPVUXWZU_}acdhPSU

k
�T�]U�eTtza�eT^�f¸^otVR~gh{}|$YÅi�k�f

x, y
P
z
_}a`d�PS{}|Æ�T��U

xyz ∈ A
^opba`[

|y| ≥ k
PVY�_bRTPSUsW\q�_}acdhPSU�Y¯iz^"f&a

u, v, w
�l��U

y = uvw
�
v 6= ε

PÆeTtza�f�YZ[]ghYZ_\dhPS{}|
i ≥ 0 xuviwz ∈ A

w
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¬p ⇒ ¬r
ô OQPVU]{}|

A
ºI��eT[]PVUWZ��[¯ghdhPSU���w�xÖp\[]ghnTvl�\���5go���]U
eTtVa�f�YZ[]ghYZ_\dhPS{}|

k ≥ 0
PVY�_bRTPSUsW\q�_}a`d�PSUuYÅi�^�f�a

x, y, z
����U

xyz ∈ A
�

|y| ≥ k
^op\a`[�eTtVa�el^"f¸^otSR�gh{}|

u, v, w
_}acdhPS{}|Æ����U

y = uvw
�
v 6= ε

�ÂPVY�_bRTPSUsWZUÄ_ba`d�PVU
i ≥ 0

����U
xuviwz 6∈ A

�Tf¸k"f¸{�[�a`Y
A
RlPVU¸WZU�Y�_'p\U��`vTtza`pZR~gow

E R~_bvTPS{sW\aßq �`pba�[�U�[¹i�^`�\tVPêf�gh� �)U���^oRTU]��wÁ�)U���^oR8YZ_ba`pba�Y\PS�rnI^od¹a`[�ac�`���]U�WZ�][]ghd �uPS�u^f�Y\[¯ghYZ_bdc^�WZU�Y�_'p\U��`vTtza`pZR~gow
Ê w7�)U]�u^`R�f�ghºTPSU�pba

k
wÁ³>�`U��\tSP

A
WZU�Y�_�¾Eacd�_Xgh{][�RTPSUupZU��ovTtVa`p\R~g`�M_\^ý�)U���^oR��u^o�]U�f�ghºTpba`��[�a

ktSPV{�[]º��)YZ_}acRTk�fæa`vl_\^o�
a¹_bv�a`dc{�U�nF_bv¹W\q`{]U��o^
A
¶Åw

× w���ghºTPVU]pba`YZ[�_ba`d�PVU
x, y, z

�T��U
xyz ∈ A

P
|y| ≥ k

w
Ú w7�)U]�u^`R�el[�PVU]tVP

y
RKa�_}a`d�PVU

u, v, w
�l�]U

y = uvw
�
v 6= ε

w
ç w���ghºTPVU]pba`YZ[

i ≥ 0
w

�`U��ZtVP
xuviwz 6∈ A

��_b^�f�gF�`pbahizU����¸f�nTnÆwÂf�gF�`pbahi��)U]�u^oR w �éija`YZRT^o�Z�$^onTPSYba`RTa�f ^helf�pZ^`_bR~gh�YZ¾j^`p\��v�iz^�f�a`RlPVv�tVU]�
ac_\v�^½n�^o��nI^"f&a`RTPSv�^FeTnI^�f�Pza`eTa�PVYZ_\RTPVU]RTPVv�Y�_bp\ac_bU]�oPVP f�gh�op�g�f�a"W\qc{�UsW]w
XÆa`YZ_\^oY\^�f&a`RTPSU�tSU��uac_bv�^½nI^o��n�^�f&a`RTPVv�eT^)WZ�][]ghd¹a

A = {anbn : n ≤ 0}
w

�U�����l�
�$ �¡C¢
C = {an! : n ≥ 0}

w �)U]�u^oR�f�ghºTPSU�p\a
k
w��rghºTPSU�pbac��g

x = z = ε
P
y = ak! wxC^�f�PSU�eT[]��go�F��U§�)U���^oRuf�ghºTPSU�p\a

u, v, w
e�izvT�o^o�Z{�P:^Feln�^�f�PVU]eTRTPS^

j, m, n
w�Õ�vTYZPV��g²_\U�p\a`['f�ghºTp\a`�_}acdhPSU

i
� ��U�º~g

xuviwz 6∈ C
w�XÆa`v~f�a`�]��go� ��U

|xuviwz| = j + im + n = k! + (i − 1)m
w5OQPSU�{}|

i = (k + 1)! + 1
w�� k�f&{][�a`Y

|xuviwz| = k! + (k + 1)!m = k!(1 + (k + 1)m)
w ��eFgFº~greTtzanIU]f�RTU]�o^

p
[�a`{}|T^heT[�Pji�^

k!(1 + (k + 1)m) = p!
�:_b^

p(p − 1) · · · (k + 1) = 1 + (k + 1)m
w)�`U�Y�__b^�WZU�elRKa`d�RTPVU]�u^`��tVPêf&Uc�Mº�^�tVU¯f�a�YZ_bpZ^oRKa�WZU�YZ_5nI^FeT[]PVU]tVRKa�nTpZ[�U�[

k + 1
�Da�nTp\a�f&a$RTPSU`wu�Da`d�f�PS��{f�gh�opbactVPV�Z��go�l{�[]ghtSP

C
RTPVU¸WZU]YZ_'p\U]�ovTtVa`p\R~gow

×	"
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�`U��ZtVP�{}|T{�U]��g�n�^od¹a`[�a`�`�I��U�W\a`d�PV��WZ��[]ghd�RTPVU�WZU�Y�_�p\U]�ovTtVa`p\R~go�:_b^u�u^`��U��5g�YZd`^opZ[]ghYZ_ba`�²[5f�i�a`Y\Rl^o�\{]PeT^o��d�RTPV�]{�PVaud�tza`Y�g�WZ�][]ghd`k�fªpZU��ovltza`pZR�gh{}|Æw�Ý�^o[�vl��v¹WZU��5g$nTpZ[]g�_XgF�.RTPVU¯f�nTp\^`YZ_§q �oelghº~guWZ��[¯gFd
A
º~g:iCpZU��ovTtVa`p\R~g`�l_b^

B
_bU]�`�:a½��U

B
RTPVU&WZU�Y�_��T_\^�P

A
RTPVU���^o��U�º~gh�`w

�U�����l�
�$ �¡C¢3Ý�^o[¯f�a`�]��g
D = {x ∈ {a, b}∗ : #a(x) = #b(x)}

wp��elghº~g$º~gKiÂ^oR$p\U��`vTtza`pZR~go�:_b^
D ∩ a∗b∗ = {anbn : n ≥ 0}

_bU]��º~gKi�º~g�p\U]�ovTtVa`p\R~go�Ta½RlPVU¸WZU�Y�_�w

�U�����l�
�$ �¡C¢0�`�][]ghd
E = {anbm : n ≥ m}

w|�)^�f¸kFe�nTpZ[�U�[�nTpZ[�U�{]PV�]{�PVU�[�p\U�£
E
w

×	 



� +�õ�3z_�ø4m)õsú
• ü Ûíè�f�w ç w Ê ý�xC^od¹a`�c�K��U�eKa`RlU�WZ�][]ghd�PMRTPVU�Y\q�pZU��ovTtVa`p\RlU`·

Ê w
{anbm : n = 2m}

�
× w

{x ∈ {a, b, c}∗ : x
WZU�YZ_'nKactVPVRleTp\^o��U�����_b[�R w

x =
p\UT£

(x)}
�

Ú w
{x ∈ {a, b, c}∗ :

e�izvT�o^o�Z��Y¯i�^�f&a
x
WZU�Y�_Qd~f&a`eTp\ac_bU]�

}
�

ç w�nI^onTp\a�f�RTU�f�ghp\a`��U]RTPza½RKa�f�Pza`YZ^�f&Ucw
• ü ÛíþDÈ�w Ú�� ýMx�^od¹a`�`�K�]U&WZ��[]ghd

{ww : w ∈ {0, 1}∗}
RlPVU¸WZU�Y�_'p\U��`vTtza`pZR~gow

•
xÖpZ[]ghdTija`e�WZ�][]ghd¹a5pZU��ovTtVa`p\RlU��o^�P`W\a`d²tVU]�
a¹_Ö^�nI^o��n�^�f&a`RTPVv)WZU]YZ_¸eTtza�RTPSU��o^�Y\nIU¹izRTPV^oR~g�³

(0∪
1)∗

¶¯w
• ü Û þDÈ�w Ú �¹ýoÛ�_bkopZUÖ[�nI^heKa`R~gh{}|�WZ�][]ghd`k�f´Y\q�pZU��ovltza`pZRTU`�¹a�d~_bkopZUÖRTPVU�¿���eTnI^�f�PVU]eT[�Povl[�a`Y\a`eTRTP W]w

Ê w
{anb2m : n ≥ 0 ∧ m ≥ 0}

�
× w

{anbm : n 6= m}
�

Ú w
{ap−1 : p

WZU�YZ_'tSPV{�[]ºKq²nTPVU]pZf�YZ[�q
}
�

ç w
{xcx : x ∈ {a, b}∗}

�
� w

{xcy : x, y ∈ {a, b}∗}
�

� w
{anbn+42 : n ≥ 0}

�
�Fw

{anbm : n − m ≤ 42}
�

" w
{anbm : n ≥ m ∧ m ≤ 42}

�
 w

{anbm : n ≥ m ≥ 42}
�

Ê!� w
L((a∗b)∗a∗)

�
ÊoÊ w

{anbncn : n ≥ 0}
�

Ê"× w�YZdTija`eTRlPV^�f&^�nI^onTpba�f�RTU�nTpZ^o�opbac��g
féxDa`YZ{�a`tSvÆw
• ü Û þDÈ�w Ú�" ýoÛ�_bkopZUÖ[�nI^heKa`R~gh{}|�WZ�][]ghd`k�f´Y\q�pZU��ovltza`pZRTU`�¹a�d~_bkopZUÖRTPVU�¿���eTnI^�f�PVU]eT[�Povl[�a`Y\a`eTRTP W]w

Ê w
{x : #1(x) = 2 · #0(x)}

�
× w

{x : #1(x) − #0(x) < 42}
�

Ú w
{x : #1(x) · #0(x)

WZU]YZ_'tVPS{�[�ºTq�nKa`p\[¯ghYZ_}q
}
w

• ü è)ñæ�]f�w Ú w Ê ý�Û�_bkopZU�[�n�^heKa`R~gh{}|�WZ��[¯ghd`k�fíY\qupZU��ovTtVa`p\RlU`��aud~_bkopZU5RlPVU�¿!��eln�^�f�PVU]eT[�P�vT[�a¹ÃY\a`eTRTP W]w
Ê w

{a2n : n ≥ 1}
�

× w
{0m1n0m+n : m, n ≥ 1}

�
Ú��



Ú w�[]ºTPVk`p5f�Y\[¯ghYZ_bd�PS{}| RKa`nlPVY\k�f RKa`e�a`tS¾Ea`ºIU]_\U��
{0, 1}

RTPSU
[�a�f�PSU�pba�W\q`{]gh{}|´_bpZ[�U�{}|�[]U�p²[pZ[��]eTvÆ�
ç w

{xw
p\U�£

(x) : x, w ∈ {0, 1}∗}
w

ÚlÊ



� �
�� o¡�¢��u¤�� ®]­�®�� ¡Ç�]®¯«�¡U���Æ¡ ¢�¬b�M¬�§�� ®]­�®��l�:�n�&«�­²�Æ�	�3¡U�Æ�M¨�� ¡����Q©
�µ��¨v�'�&«�¨5­½�n�	� È�É²Ê¹Ë þ Ì
�U�����l�
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YÅi�^�f&a�[�a�f�PSU�p\a"W\q`{�U

aba
w

a,b

a b a

a,b

Õ�^o�]RKa½vTY\vTRTq`�5Y�_}a`R~g�RlPVU�^`Y\Pzq��~a`tSRTU`�hnI^o[�^oY�_}a"WZU�f¸k�f&{][�a`Y]·
b

a

a

b

b

a

a

a

a

b

b

b

��a`tSUsW)��^o��RKaÄYZd�tVU�PS��_bpZ[]g$YZ_}acR�g�a`d`{]U�nl_\^"f&a`tSRTU`�M�oelgh�²nI^�PV{}|�^oYZPzq��oRTPS��{�PSvÁPC_ba`d$YÅi�^�f¸^�[]^oYZ_ba`RTPSU[�a`a`d`{]U�nl_\^"f&a`RTUcw
b

a

a

b

b

a

a,b

� _Xgh�±nlp\[]ghnKaceTd�v$p\^`[]f�Pzqc[�a`RTPSU¸WZU�Y�_Q^h{�[¯g�f�PVYZ_\U`�Ia�fé^o�`kotVRT^`�\{�Pz¿
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•
�QUTSKRTPS{sW\a)WZ��[¯gFdck�fîPVtS^opba`[]^�f�gF{}|

A/x

w
•
X�f�PVq`[�U]d��uPS��eT[¯g&WZ��[¯gFd¹a`��PhPVtV^`pba`[]^"f�gh��P»�"a'YZ_}acRKa`��PhelU]_bU]p\��PVRTPSYZ_Xgh{�[]RTU��`^�a`vl_\^o�uac_bv�Y\dc^o�FÃ{][�^oRTU]�o^ua`d`{]U�nl_\v¹W\q`{�U]�o^
eTa`R~g5WZ��[¯gFd:�:^op\a`[�p\U]tza`{XW\q½nlp\[�UXWZ�\{]Pzalw

•
�Mf�wIÕ�gh|TPStVtêÃXOQU]p\^heKalw

•
X�f�PVq`[�U]d���PV�]eT[]g5tVPS{�[�ºTq�WZ��[]ghdck"f�PVtV^`pba`[]^"f�gh{}|Æ��a�tSPV{�[]ºKq)Y�_}a`RTk�f�a`vl_b^`�
ac_\v½a`d`{]U�nl_\v¹W\q`{]U��o^eKacR�g�WZ��[]ghd:w

•
Û'^oRTY�_bp\vld`{sW\a��uPSRTPV�ua`tSRTU��o^5a`vl_\^o�uac_bv�a`dc{�U]nl_bv¹W\qc{�U��`^Tw

•
��ºTYZU�p�f�a`{XW\al·��Qvl_b^o�uac_���PVRTPS�
actVR~g
��^o�]RKa�vl[]ghY\d¹a`�5nTp\[]U�[�vlY\vTRTPS��{]PVU�YZ_}acRTk�fîRTPVU]^oY\PVqh�oa`têÃR~gh{}|$PµYZdhtSUsWZU]RTPVU�Y�_}a`RTk�fî^heT^on~f�PVa`eKa"W\q`{¯gh{}|�_ba`d�PV�ÜY\a`��gh�ÙWZ�][]ghd`^o� PStV^op\a`[�^�f�gh��w
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�)tS�o^op�gh_\�Ü��PVRTPS�
actVPV[�a`{sWZPKYZdTija`eKa²YZPV��[�elf&kh{}|�¾Ea`[`·

Ê w�vTYZvT��YZ_}acR�g�RlPVU�^`Y\Pzq��~a`tSRTU`�
× w�nI^oY\d�tSUsW\a"W�[�U�Y\^`ºKq°À÷p\k�f�RT^�f&a`��RTU¦Â�YZ_ba`R~gow

��^T�Td~_bkopZU�YZ_ba`R~gÄYbq²^oYZPzq��~a`tSRTUÖWZU]YZ_�^h{�[¯ghf�PSYZ_\U`w^X ^oºKa`{][���g
RKa�nTpZ[]ghdTija`eKac{}|Æ�Kd~_bkopZU�YZ_}acR�gÄRKa`tVU]�]gY\d�tSUsW\a`�cw
�U�����l�
�$ �¡C¢ ü ÛªþDÈla`��nTtVU Ê�Ú w Ê ýMÉFd�tVUsWZU]RTPVU�pZk�f�RT^�f�a`�]R~gF{}|�Y�_}a`Rlk"féa`d`{]U�nl_\v¹W\q`{¯gF{}| w

a

b

a,b

a,b

a,b

a,b

a,ba,b

�U�����l�
�$ �¡C¢ ü ÛªþDÈla`��nTtVU Ê�Ú w × ý
1 3

420 5

a

b

a

a

b

b a,b

a,b

a,b

a,ba,b

a,b

a,b
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Û�PVU�eFg��u^o�]U���g�YZd�tVU�PS��YZ_}acR�gl¿0�`U]�\tVP�PSYZ_bRlPVUsWZU�pZ^o[�pZko��RTPVa"W\q`{]U²WZU�Y¯iz^"f¸^T��_\^rRTPSU`��a
WZU��ZtVP�eTtVad¹a`��elU��o^�Y¯iz^"f&a²f�gFRlPVd�WZU]YZ_�_}a`d�PµY\a`���F_b^²_}a`d:w
8:92;=<)>�� O'PVU�{}|

M = 〈Q, Σ, δ, s, F 〉
ºI��eT[]PVU�eTU]_\U�p\��PVRlPVYZ_Xgh{][�R~gh� a`vF_b^o�uac_bU]�2Y\dc^o�T{][�^oR~gh��wO)a²Y�_}a`RKac{}|

M
eTUTSKRlPVv¹WZU]��g�p\U]tza`{XWZ�

≈⊆ Q × Q
·

p ≈ q w.t.w. ∀x∈Σ∗δ∗(p, x) ∈ F ⇔ δ∗(q, x) ∈ F

2

8:92;=<)>¹> �)vl_\^o�uac_�PVtS^opbac[�^�f�g
M/≈ = 〈Q/≈, Σ, δ/≈, [s]≈, F/≈〉

w
2

�)^�f¸kFe�n�^`nTpba�f�RT^o�Z{�Pµ_bUXW�eTU�SKRTPS{sWZP»w
ÕC9AÖ× fÔ

δ′∗([p]≈, x) = [δ∗(p, x)]≈

µ^¶ <
L(M/≈) = L(M)

��ó\[ ä�h�´C&Öùf`&öfi iªõ�m)õ²iªúChsõ�_ úC3�0�õ
�)tS�o^op�gh_\� �uPSRTPV�ua`tVPS[�a`{XWZP�a`vF_b^o�uac_bv ^�f�Y\[]ghY�_bd�PV{}|8YZ_ba`RKa`{}| ^oYZPzq��~a`tVR~gh{}|Æw ö aceKa`��g`�'d~_\kopZgh{}|YZ_ba`RTk�f¥RTPVU���^o�]U���guY\d�tVU]PV��[]U�Y\^oºTq�P �oelgu_XghtVd`^²[]RKa"WZeT[]PVU]��gÄnI^�f&khe�dhv�_\U���vÆ�F[�a`[]RKa`{][�a`��gu_b^Tw

Ê w��Mf&^`p\[]gh��g�_ba`ºIU�tV�c�TnI^F{][�qc_\d`^�f&^�nTvTY�_}ql�Kf�YZ[]ghYZ_\dhPS{}|ÁnKa`p�Y�_}a`Rlk"f
{p, q}

w
× w§XÆa`[]RKa`{][�a`��g
f�Y\[]ghY�_bd�PVU�_}a`d�PSU�nKa`pZg

{p, q}
�T�]U

p ∈ F
P
q 6∈ F

w
Ú w7�)^`n�kod�P���^o��RKaF�&_b^T·²WZU��ZtVP�_}a`d¹a�RTPVU][�a`[]RKa`{�[]^oRKa!nTa`pba

{p, q}
���]U�eltzarnIU]f�RlU��o^

a
�
a`�5g

{δ(p, a), δ(q, a)}
WZU�Y�_Q[�a`[�RTa`{�[]^oRKal�T_\^u[�a`[�RKac{�[�p\k�f�RTPSU��

{p, q}
w

Ú ç



ç w
p ≈ q

�oeFg�nKa`p\a
{p, q}

RlPVU¸WZU�Y�_'[�a`[]RKa`{�[]^oRKalw
ÉF[]dhPS{�eT^�f&^heTv�n�^onlpba�f�RT^o�Z{�P»·

•
��U�Y�_}a`R~go�Kd~_\kop\U�[�a`[�RTa`{�[�a`��go�l��U�RTPSU�Ybq�pZk�f�RT^�f�a`�]RTU`�KPSYZ_\^`_bRTPSU)RTPSU)Y\q�Y\^oºTPSU�p\k�f�RT^�f&a`��RlU`w

•
�`U]�\tSPhW\a`d�PVU]�'Y�_}a`R~g�RTPSU�Ybq²Y\^`ºTPVU�p\k�f�RT^�f&a`��RlU`�K_b^�[�^oY�_}a`RTq½[�a`[�RTa`{�[]^oRTU`w

�U�����l�
�$ �¡C¢ ü ÛªþDÈla`��nTtVU Ê ç w Ê ýMÕ�PVRTPS�
actVPV[�a`{sW\a�a`vl_\^o�uac_bvÆ·
a b

→ 0 1 2
F 1 3 4
F 2 4 3

3 5 5
4 5 5

F 5 5 5

�U�����l�
�$ �¡C¢ ü ÛªþDÈla`��nTtVU Ê ç w × ýMÕ�PVRTPS�
actVPV[�a`{sW\a�a`vl_\^o�uac_bv
a

→ 0 1
F 1 2

2 3
3 4

F 4 5
5 0

Ú��



� +�õ�3z_�ø4m)õsú
• ü Ûíè��æw ç w Ú ý,X ��PVRTPS�
a`tSPV[]v¹WÂRKacYZ_b�]nTv¹W\q`{]U�acvl_b^o�uac_XgI·

a b
→ 1 1 4

2 3 1
F 3 4 2
F 4 3 5

5 4 6
6 6 3
7 2 4
8 3 1

a b
→ F 1 3 5
F 2 8 7

3 7 2
4 6 2
5 1 8
6 2 3
7 1 4
8 5 1

• ü ÛíþDÈ�w ç �¹ý,X ��PVRlPV�ua`tVPS[�v¹W�RKa`Y�_b��nlv¹W\q`{�U5a`vl_\^o�uac_XgI·
a b

→ 1 6 3
2 5 6

F 3 4 5
F 4 3 2

5 2 1
6 1 4

a b
→ 1 2 3

2 5 6
F 3 1 4
F 4 6 3

5 2 1
6 5 4

a b
F 0 3 2
F 1 3 5

2 2 6
3 2 1
4 5 4
5 5 3
6 5 0

a b
→ 0 3 5

1 2 4
2 6 2
3 6 6

F 4 0 2
F 5 1 6

6 2 6

a b
→ 0 3 5

1 6 3
2 6 4
3 6 6

F 4 0 5
F 5 2 4

6 1 6

a b
→ 0 2 5

1 6 2
2 6 6
3 6 4

F 4 5 0
F 5 4 3

6 1 6

Ú��



a b
→ F 1 6 4
F 2 7 5

3 2 8
4 1 8
5 2 6
6 3 1
7 5 2
8 4 2

a b
→ 1 6 2

2 3 6
F 3 2 4
F 4 5 3

5 4 1
6 1 5
7 1 8
8 8 7

• ü ÛÙþ�È�w �o× ý�X ��PVRTPS�
a`tSPV[]v¹WDRKa`YZ_\��nTv"W\q`{�U�a`vl_\^o�uac_XgowÂx�^FeKa�W�eltza�RTPS{}|�pZk�f�RT^�f�a`�]RTU�f�ghpba`�]U¯ÃRTPVa�p\U]�ovTtzacp\RTUcw
a b

→ F 1 2 5
F 2 1 4

3 7 2
4 5 7
5 4 3
6 3 6
7 3 1

a b
→ F 1 2 6
F 2 1 7

3 5 2
4 2 3
5 3 1
6 7 3
7 6 5

a b
→ 1 1 3
F 2 6 3

3 5 7
F 4 6 1

5 1 7
F 6 2 7

7 5 3

a b
→ F 1 2 5
F 2 1 6

3 4 3
4 7 1
5 6 7
6 5 4
7 4 2

Ú �



� �
�� o¡�¢ ��¤�� ��«&�u�u®���¬�«&��¨5­ �M¬��¤�l�M¨Q©ª¬
� óZò Í	m¸öFû)õ�3�0�ø
ç�<s>¹<s> ü�� Ó
��nTPVYZv¹W\q`{�YZdKi�a`eTRTPS�&WZ��[]ghd¹a½nTp\^o�`pba`��^�f�a`RlPza�d`^`p\[]ghY�_}a`��g�{][�a`YZU�� [�RT^`_ba`{sWZP ö O�«&wI��nTPSY�RT^`_ba`{sWZP>·

• 〈 ���! #"%$'&)('�+*),�- 〉 �
• ::=

�
• "/.��10��2��3!(#*%4��%065 �
• . . . | . . .

�
• [. . .]

�
• {. . .}∗

�
• {. . .}+ �
• {. . .}

w
�U�����l�
�$ �¡C¢¨«Kp\a`�o��U�R~_�Y\dTijaceTRTPMxDacY\{�actzal�KRTn wKPVRTY�_bp\vld`{sWZUcwO'PVU¯¾j^op\�ua`tVRlUQf�nTpZ^"f&a`eT[]U�RTPSU5nI^heTYZ_ba�f¸^�f�gh{}|Án�^"WZ���`·

•
�`pba`�uac_Xghd¹a�º�U][�d`^`R�_\U�d�YZ_\^�f�al�

•
RlPVU]_\U�pZ�uPSRKa`tVUc�

•
_\U�pZ�uPSRKa`tVUc�

•
f�ghnTpZ^�f�a`el[�U�RlPVU`�

•
elp\[�U¯f&^�f�ghnTp\^�f&a`eT[�U]RTPzaFw

ç�<s>¹<ÙB 7:Ü�Ô!º�Öß AÔ��ïÛTÔ¿º�ÛTº ¶ 9
��nTPVY]�T^heTn�^�f�PSU�eTRTPSd
^oºltVPV{][�U]RTPV^�f�gÄ�`pba`�uac_Xghd:w

Ú�"



� ó$# 8 ùTú|iªú�ö	`ba�õ g5ø4_�aC&Cm¸öFøla)*~öA&,+�ø
8:92;=<)>®B

•
��pbac�
ac_Xghd¹a

G = 〈N, Σ, P, S ∈ N〉
w

•
xÖpZ^FeTvld`{sWZU�PÆnI^oYZ_ba`��PV{}|�[�acnTPVYZvÆ�

|
W\a`d`^�Y\d�pZk`_�w

•
��[]RKa`{�[]U�RTPVa

A, B, C
q RTPVU¯_bU]p\��PVRKa`tSU`�

a, b, c
q _bU]p\��PVRKactVU`�

α, β, γ
q YÅi�^�f�a�RTa`e

N ∪Σ
w

•
Ý�U�tVa`{sWZU

→
P
→∗ w

2

�U�����l�
�$ �¡C¢Ø��pbac�
ac_Xghd¹a²^onTPSY\v¹W\q`{�aQWZ��[]ghd:·
{anbn : n ≥ 0}

w
8:92;=<)>®W

•
��ghnTp\^�f&a`eT[]U�RTPSU`w «:a`d~_�·

α
WZU]YZ_Äf�ghnTpZ^�f�a`el[�a`tSRKa!fm�opba`�uac_Xgh{�U�f�_Xf�wS�'�oelg

S →∗ α
P

α ∈ Σ∗ w
• L(G)

w
2

�U�����l�
�$ �¡C¢3xÖpZ[]ghdTija`elg��op\a`�uac_XghdI·
•
xÖpZ[]ghdTija`elg�f�ghnTpZ^�f�a`el[�U�RlPzauPµelp\[�U¯f�a½f�ghnTp\^�f&a`eT[�U]RTPza�eTtza'WZ�][]ghd¹a

{anbn : n ≥ 0}
w

•
xCa`tVPSRTeTpZ^o��guRKa`e�a`tS¾Ea`ºIU]_\U��

{a, b, c}
w

• ¼ �rghpbac��U�RlPza½RKa�f�Pza`YZ^"f¸U`w
¼ ° ^5_b^�Y\q�n�^`nTpba�f�RTU'f�gFp\a`��U]RTPza5RKa�f�Pza`YZ^"f¸U�¿

L(x) = #((x), R(x) = #)(x)
�
L(x) =

R(x)
PµeTtza²d¹a`�]eTU��o^½nTpZUTSKd�YZv

y
YÅi�^�f&a

x
�
a`�5g

L(y) ≥ R(y)
w

¼ �Q^"f¸khe$nI^onTpba�f�RT^`�\{�P>w
•
��ghpba`�]U�RTPVa�a`pZg�_b��U]_Xgh{][�RTU�P�nTpZ^oYZ_ba��`pba`�uac_Xghd¹alw��)pZ[�U]f¸^ f�ghnTpZ^�f�a`el[�U�RlPza�P�RTPVUXWZU�eTRT^¹Ã[]RKa`{�[]RT^o�Z�`w

•
��ghpba`�]U�RTPVa½a`pZg�_b��U]_Xgh{][�RTU�Pµ�opbac�
ac_Xghd¹aQWZU�eTRl^o[�RKac{�[�RTalw

8:92;=<)>�¥ �`U�eTRl^o[�RKac{�[�Rl^o�\���opbac�
ac_Xghd�PµºIU�[�dc^oR~_bU]dhY�_b^�f¸UsW]w
2

Ú� 



� ó\[ ]^14_�`ba�õ½ùTø4´Âû§h�úÖùfm)øéú±g5ø4_�aC&Cm¸öFøla)*~öA&,+�ø
�rY\[]ghY�_bd�PVU�p\U]�ovTtzacp\RTUÖY\q'ºIU�[]d`^oR~_bU]d�YZ_b^�f¸U`��a`tSUÖRTPVUÖ^helf�pZ^`_bRTPSU`�"RTnÆw

anbn �¹nKa`tSPVRTeTpZ^o��g'Pof�ghpba`�]U�RTPVaRKa�f�PzacY\^�f&U�_Xf¸^op\[�q�WZ�][]ghd�P»�Kd~_bkopZU�RTPVU�Y\q�pZU��ovTtVa`p\RlU`�Ka`tSU�Ybq²ºIU�[�dc^oR~_bU]dhY�_b^�f¸U`w
8:92;=<)>®©

•
��pbac�
ac_Xghd¹a�³Enlpba�f&^`YZ_bpZ^oRTRTPSU�¶�tVPSRTPV^�f&al��_b^²_}a`d¹al�Ff@d~_bk`p\UsW�f�Y\[¯gFY�_bd�PVU�nTpZ^FeTvld`{sWZU��ua"W\q�n�^¹ÃY�_}a`�c·

A → αB
tSvTº

A → α
�KeTtza

α ∈ Σ∗ w
•
��pbac�
ac_Xghd¹a)YZPVtVRlPVU�³jnTpba�f¸^oYZ_\p\^oRTRlPVU�¶DtSPVRT^�f&al�`_\^�_}a`d¹al�of d~_bkopZUsWDf�Y\[]ghY�_bd�PVU'nTp\^heTvTdc{sWZU��ua"W\qnI^oYZ_ba`�`·

A → aB
tVvTº

A → ε
w

2

XÆa`v~f&a`����g`�K��U&WZU��ZtVPÆ�`pba`�uac_Xghd¹a)WZU]YZ_�tSPVRTPS^"f&a�tVvlº�YZPVtSRTPVUQtVPVRlPV^�f�aF�F_b^²f¥f�gFnlp\^�f�aceT[�U]RTPVv�n�^¹W\a�f�PVaY\PS��RKa½pba`[�_XghtVdc^�WZU]eTU�R�RTPVU¯_bU]p\��PVRKa`t>��PÆ_b^½RKa½Yba`��gh�±dc^o�T{]v�YÅi�^�f�aFw
Ó4 ��zÔ ��p\a`�uac_XghdhPÖ³EY\PStVRTPSU�¶ÂtVPVRlPV^�f&U�^`nTPVYZv¹W\q�eT^odTijaceTRTPVU&WZ�][]ghd�P�pZU��ovltza`pZRTU`w
9 ��� · Ý'¡�º ¶ º4¡wÜC¢

Ê w§��pba`�uac_Xghd`��tSPVRTPS^�f�q���^o��RTa½YZnTp\^�f&a`eT[]PV��eT^�Y\PVtSRTPVU)tVPVRlPV^�f&UXW]w
× w§��pba`�uac_Xghd`��YZPVtSRTPVU�tSPVRTPS^�f�q���^o��RTa½nlp\[�U]p\^oºlPV��RKa�a`vl_\^o�
a¹_�RTPVU]eTU]_\U�pZ�uPSRTPVY�_XgF{][�R~gow
Ú w��Qvl_b^o�uac_�RlPVU�elU]_bU]p\��PVRTPSYZ_Xgh{�[]R~g��u^o�]RKa�nTpZ[�U�pZ^oºTPS��RTa��op\a`�uac_Xghd`��Y\PStVRTPSU�tVPSRTPV^�f&qlw

ç �



� +�õ�3z_�ø4m)õsú
•
�Qtza�[�a`eTa`RTU��`^)a`vF_b^o�uac_bv�@¹f�ghpba`�]U�RTPVa�pZU��ovltza`pZRTU��o^�nI^FeTa"Wµ�`pba`�uac_Xghd�PI³EnTp\a�f¸^oY�_bp\^`RTRTPVU�¶ ü YZPVtêÃRTPSU]ýµtSPVRTPS^�f&U�^`nTPVYZv¹W\q`{�U�^heTnI^"f�PSU�eTRlPhWZ��[¯gFd:·
¼ a(a ∪ b)∗aa

�
¼ (a(ab ∪ ba)∗) ∪ (b(bb ∪ aa)∗)

�
¼

0 1
→ 1 1 2
F2 1 3
F3 3 1

¼
a b

→ 1 2 −
F2 2 1

• ü ÛíþDÈ�w �� ý��)a`RKa)WZU�YZ_'�op\a`�uac_Xghdca�ºIU�[]d`^oR~_\U�d�YZ_\^"f&al·
S → ABS |AB
A → aA | a
B → bAÛ�_bk`p\U�[]U�Y¯i�^�f�·

aabaab
�
aaaaba

�
aabbaa

�
abaaba

RKa`tSU���q�eT^)WZ��[¯gFd¹a²�oU]RTU�pZ^"f&a`RTU]�o^½nTp\[]U�[_\���`pba`�uac_Xghd`��¿$xC^heKa"W�f�gFnlp\^�f�aceT[�U]RTPza�PµeTp\[]U]f&a�f�ghnTp\^�f&a`eT[]U�RTPValw
•
�Qtza²�opbac�
ac_Xghd�P»·

S → aB|Ab|SS
A → a|aS
B → b|SbPµY¯iz^"f&a

aabbab
·

¼ nI^heKa"W�f�ghnTpZ^�f�a`el[�U�RlPVU`�
¼ nI^heKa"W�elp\[�U¯f&^½f�ghnTp\^�f&a`eT[]U�RTPVal�
¼ {][]g�WZU]YZ_�_b^½�op\a`�
a¹_XgFd¹aQWZU�elRT^o[�RTa`{�[]RKa~¿

•
x�^FeTa"W��op\a`�uac_Xghd`���oU]RTU�pZv¹W\q`{�q)WZ��[¯ghdI·
¼ {anbm : n = 2 ∗ m}

�
¼ {anbm : n ≥ 2 ∗ m}

�
¼ {aibjci}

�
¼ {aibjajbi}

w
ç Ê



• ü ÛÜè�f�w � w Ú ýÂxC^heKa"W��op\a`�
a¹_XgFdc��f�ghpba`�]U��!RTa�f�PVa`Y\^�f�gh{}|
[](){}

�Æfªd~_bkopZUsW�Y\nKacp\^�f�acRTUuRTa¹Ãf�PVa`YZg�Ybqu_\U��o^�Y\a`��U��o^ÄpZ^Fel[�a"WZvÆwQ�![]�u^h{�RTP WÖW\qu_}acdI� a`º~g$f�gh��vTYZPV��nlp\PV^`pZg�_bU¯_Xg$RKa�f�PVa`Y\k�f³�f&U¯f�RKqc_bpZ[�d~f&a`eTpba¹_b^�f�gh{}|���vTY\[�quº~gh��d~f&a`eTpba¹_b^�f&U5tVvTº�^od�pbq��FizU`�:a�f¸U]f�RTqc_bpZ[5f&q`Ybac_Xgh{}|��vlY\[�q½º~gh��f&q`Yba¹_bU�tVvTº�d~f&a`eTpba¹_b^�f&U�¶¯w
• ü è)ñî�¯f�w ç w Ê w ¾�ýMxC^heKa"W��opbac�
ac_Xghdc��^`nTPVYZv¹W\q`{�qQWZ�][]ghd:·

{aibjck : i 6= j ∨ j 6= k}

• ü ÛíþDÈ�w�� � �KèQñî�]f�w ç w Ê w elýMxC^heKa"W��opbac�
ac_Xghdc��f�ghp\a`��U]�$p\U]�ovTtVa`p\R~gh{}|Æw
•
x�^FeTa"W��op\a`�uac_Xghd`��ºIU�[�dc^oR~_bU]dhY�_b^�f&qÄ�oU�RTU]p\v¹W\qc{�q)WZ��[]ghd:·
¼ {anb2n : n ≥ 1}

�
¼ {akbn : k ≥ 2n}

�
¼ {anbk : 2n ≥ 3k}

w

ç ×



� �
�� o¡�¢ :u¤<;8¨v�l��¡>=ë­�¨�§
� ¡U�]­�¡ ?@��¨�� �µ�½�BA÷¬)�5¨DC½¡Ç���5¨�§C� �,� §C¨5«E�
¦�¨�«�­�¡'© ¡�­�®�¡F?HGJI ® �]¬c� ¡�� ¨y¦�¨�� ¦�¨'© ¡�­�®�� ¢:��¡u�z��«&�
�>�Q© ��¬�«E�
��¨5­°�M¬��n�l�M¨Q© �n�	�
K�óZò %'&C*�öFúCxym�&Öù�iªúCh�m)úML-}§&^ie*2ab`ONjø4´C&
8:92;=<)>®Ò ��pba`�uac_Xghd¹a��
av�KË!I¯á»Ò®M�Ó Ë¹ßÅà�Ò`ÍÏÓ�O¼�w5KË¹à�I}ã¹âQP ð»ÞhË¹��WZU]�\tSP f�Y\[¯gFY�_bd�PVU�nTpZ^FeTvld`{sWZU�f¥�opba¹Ã�uac_Xgh{�U�Ybq�nI^oYZ_ba`{�P>·

A → BC
tSvTº

A → a
³EeTtVa�n�U¯f�R~gF{}|uRTPVU¯_bU]p\��PVRKa`tSP

A
�
B
P
C
^op\a`[�_bU]p\��PVRKactza

a
¶¯w

2

Ó4 ��zÔ�¢0�`U��\tSP
G
WZU]YZ_�fénI^oYZ_ba`{�PµRl^op\�ua`tVRlUsW ° |T^o��Y\d~g�� U]�o^T�T_\^

ε 6∈ L(G)
w

Ó4 ��zÔ�¢0�`U��\tSP
ε 6∈ L(G)

��_b^$�`pba`�uac_Xghd`�
G

�u^o�]RKa�Y\nTpZ^"f&a`eT[]PV�Äel^$nI^oYZ_ba`{�PÂRT^opZ�
actVRTUXW ° |T^o�²ÃY\d~g�� U��o^T�c_b[�R wcPSYZ_bRlPVUsWZUÂ_}acdca��op\a`�
a¹_XgFd¹a�º�U][�dc^oR~_bU�d�Y�_b^�f�a
G′ f�nI^oYZ_ba`{�P�RT^`p\�ua`tVRTUXW ° |T^`�uYZd�g�� U��o^l���U

L(G) = L(G′)
w

9 ��� · Ý×¡,º ¶ º4¡,ÜC¢Ø�)^�f&khe!nI^otSU��~aÄRKa�Y\dc^oRTY�_bp\vl^"f&a`RTPSv��op\a`�
a¹_XgFd�P
G′ wuÛQ^oRlYZ_bpZvTd`{XW\a�_ba�nTpZ[�UÅÃºTPSU��~a�féd�PStVd�v�d�p\^od¹a`{}|Æ·

Ê w7�)^`��ghdcac��g�[�ºlPVkop�nlp\^heTvTd`{XWZPM[��o^heTRTPSU�[�eFf�PVU��ua�p\U]�ov�i�a`�uP>·
•
WZU��\tSP

X → αY β
P
Y → ε

�T_b^
X → αβ

�
•
WZU��\tSP

X → Y
P
Y → γ

�T_\^
X → γ

w
�Ca`d�nI^"f�Y�_}ahiVg�[�ºTPSkop�nTp\^heTvTdc{sWZPÆWZU�Y�_�YZd`^o�T{][�^oR~g`�Öº�^�eT^heKa"WZU��5g�nTp\^heTvTdc{sWZU`�Cd~_bkopZU
RTPSU�Y\qe�izvT��YZ[�U�^Fe�WZvT��PSYZ_bRlPVUsW\qc{]gh{}|Æw

× w7�)tVaÁeT^�f&^`tVRTU]�o^�Y¯i�^�f&a�f�ghnTpZ^�f�a`el[�a`tSRTU��o^�fë_ba`d�PVUXW²�op\a`�uac_Xgh{�U`�ÆWZU��]U�tSP�p\^o[¯f�ac�]gh��g�WZU]�o^RKa�WZdhpZk`_bYZ[�UÖf�ghnTp\^�f&a`eT[]U�RTPSU`�`_\^�f�f�ghnTp\^�f&a`eT[]U�RTPSv5_Xgh�éRTPSUÖº��]eKq�Y\PV�ÖnI^¹W\a�f�Pza�izg�nlp\^heTvTd`{XWZUnI^oYZ_ba`{�P
X → ε

^opbac[
X → Y

w)Õ�^o�]U���g�f�PV�]{`� ºIU�[5[���Pza`R~g�WZ�][]ghd¹aÄ�oU�RlU�p\^�f&a`RTU]�o^�nTp\[]U�[�op\a`�uac_Xghd`�`��vlY\vTRKqc�r_bU�nTpZ^FeTvld`{sWZUcw±�rg�W\qc_\U�d�_\^
S → ε

q vTYZvTRTPS��{�PSU�_\UsW�nlp\^heTvTd`{XWZPYZn�^�f¸^FeTv"WZU`�:��U
ε
RlPVU�ºI��eT[]PVU�f�ghnTp\^�f&a`eT[�actVR~gow

Ú w7�)tVa�d¹a`�]eTU��o^�_bU�pZ�uPSRKa`tVar³
a, b, c, . . .

¶�el^FeKa�WZU���g�eT^Á�`pba`�uac_Xghd�P�^heTnI^�f�Pza`eKa�W\q`{]g���v!RTPVUÅÃ_\U�p\��PVRTa`t�³
A, B, C, . . .

¶Q^`pba`[�nlp\^heTvTd`{XWZU`·
A → a

�
B → b

�
C → c

��w]w�w]w5�rU�f�Y\[]ghY�_bd�PV{}|nTpZ^FelvTd`{XW\a`{}|rnI^oY�_}a`{]P
X → α

�µ�`eT[�PSU
|α| > 1

[�a`��PVU]RTPza`�5g�f�YZ[]ghYZ_\d�PVU½_bU�pZ�uPSRKa`tSU�RKa�^heFÃnI^�f�Pza`eKa�W\q`{�U�PS� RTPSU]_\U�p\��PVRTa`tVUcwæ� _bU]R Y\nI^oY\koº �ua`��g�_XghtVd`^�elf�PSU�n�^`YZ_}ac{�P�nTpZ^FelvTd`{XWZPf �`pba`�uac_Xgh{�Uc·
X → a

�oeT[�PSU
a
WZU�Y�_�_\U�pZ�uPSRKa`tVU]���Â^op\a`[

X → Y1Y2 . . . Yk
�oeT[]PVU

Yi
_\^RTPSU]_\U�p\��PVRTa`tVUQP

k > 1
w

ç w'Û�a`�]eKq²nTp\^heTvTdc{sWZ��n�^oY�_}a`{]P
X → Y1Y2 . . . Yk

³
k > 2

¶&[�a`��PVU]RTPzac��g
RTa½[]U�Y�_}a�fînTpZ^FeTvld`{sWZP>·
X → Y1X1

ç Ú



X1 → Y2X2www
Xk−2 → Yk−1Yk�Ca`dÄvT[¯ghY\d¹a`RKa��opba`�uac_Xghd¹a'WZU�Y�_'f@n�^`YZ_}ac{�PµRT^opZ�
actVRTUXW ° |l^o�uYZd~g�� U��`^Tw

�U�����l�
�$ �¡C¢
• anbn �
•
f�ghp\a`��U]RTPza½RKa�f�Pza`YZ^�f&Ucw

K�ó$# ä�h�´C&Öùf`&öfi ùf&|_�.�&C_�m)ú�+rúCmQõ�úRL-&)3faÂø æ �@úC*Fú|iªõ æTS &�û§m�´ÂøÆùQNjú È�É�Ê¹Ë þ Ì�)tS�o^op�gh_\�±_bU]R�n�^o[¯f�actzauY�_Xf�PVU]p\eT[]PV�`��{�[¯g$eKacRTU�Y¯iz^�f&^5WZU]YZ_)f�ghnTpZ^�f�a`el[�a`tSRTU�fÙeKa`RTUXWQ�opbac�
ac_Xgh{]U³jf@n�^`YZ_}ac{�PµRT^opZ�
actVRTUXW ° |l^o�uYZd~g�� U��`^�¶¯w¸�`U��ZtVPµ�op\a`�uac_Xghdca²RTPSU¸WZU�Y�_'f@n�^`YZ_}ac{�PµRT^opZ�
actVRTUXW ° |l^o�½ÃY\d~g�� U��o^T�K_\^���^o�]RKaQW\q½YZnTp\^�f&a`eT[]PV��eT^²_bUsW�n�^`YZ_}ac{�PÆ[]�o^FelRTPVU�[�^onTPSYba`RTq²f�gh�]UsW'dc^oRTYZ_\p\vTdc{sW\qlwxÖp\[]ghnI^o��RTPVU]RTPVU�_\U�{}|TRTPSd�P�nlp\^o�op\a`��^"f&a`RTPVa�elghRKa`��PV{][�RTU]�o^TwÂOQPSU�{}|�eKa`RKa²�op\a`�
a¹_XgFd¹a�_b^
G =

〈N, Σ, P, S〉
�la²eKa`RTU�Y¯iz^�f&^�_b^

a1a2 . . . an

wÂÛQ^`RTYZ_\p\vTv¹WZU]��g�_}acºTtVPS{��
T [i, j] = {X ∈ N : X →∗ ai . . . aj}� W\acdhP Y\nI^oY\koº���^o��U]��gÄf�ghn�U"i�RTPVa`��_b��_ba`ºTtVPS{���¿

•
XÆac{�[]ghRKac��g�^he�nlp\[�U]d¹qc_bRTUXW]·

T [i, i] = {X : X → ai ∈ P}

•
��ghn�U"i�RTPVa`��g�d`^`tVUsWZRlU
nTpZ[]ghnTp\[]U�d¹qc_\RTU`w×XÆa`v~f&a`����g`�Ö��U�WZU]��U]tVP

X →∗ ai . . . aj

�
i < j

�C_b^f�ghnTpZ^"f&a`eT[]U�RTPSU�_\^½��vTY\Pµ��PVU]��nI^oYZ_ba`�`·
X → Y Z

�
Y →∗ ai . . . ak

�
Z →∗ ak+1 . . . aj

�TeTtVa
i ≤ k < j

wÂ��ºTtSPV{][�a"W\q`{
T [i, j]

v~f�[��otS��eTRlPza`��g²f�YZ[]ghYZ_\d�PVU)_ba`d�PVU��u^`��tVPêf&U�nTvlRTd~_XgunI^heT[�PVahi�v
k
·

T [i, j] =
⋃

i≤k<j

T [i, k] ⊗ T [k + 1, j]

�oel[�PVUc·
Y ⊗ Z = {X : X → BC ∈ P, B ∈ Y, C ∈ Z}��nIU�pbac{sW\a

⊗
�u^o�]U�º�gh�QY\d`^`�unTtSPVdc^"f&a`RKaF�FactVUDWZUsWÖd`^oYZ[]_�WZU]YZ_¸YZ_bahizg�³j[�a`tSU���R~g½^heu�`pba`�uac_Xghd�P�¶¯w

•
x�^�f�ghnIU¹izRTPVU]RTPVv�{�a�i�UsW�_}a`ºltVPV{¯g
�ua`��gI·

T [1, n] = {X ∈ N : X →∗ a1 . . . an}{][]ghtVP>·
a1 . . . an ∈ L(G) ⇔ S ∈ T [1, n]�Ca`ºTtVPS{�a²�ua½pZ^o[���Pzacp

Θ(n2)
nTpZ[]g�{][]gh�ya`º~g�f�ghn�U"i�RTPS��WZU]eTU�R�U�tVU]�uU]R~_'_ba`ºTtSPV{]gu_bpZ[�U�ºTa½f�ghd`^`RKa`�tVPSRTPV^�f&q�tVPS{�[�ºI��^onIU�p\a`{sWZP

⊗
�T_ba`duf�PS��{�[¹iz^o��^oRl^o�\��_bU]�o^ua`tV�o^`pZg�_b��vÄ_\^

Θ(n3)
w

çoç



�U�����l�
�$ �¡C¢ wêwêwSw

K�ó\[ ô�ø�iªú�öð&e.v&|i±.�&�+�úCm)õsû (�hsú�0214_�`baCt�+ g�ø4_�aC&Cm¸öFøla)*�öA&�+ê`)3�} È�Ê¹Ì
ÕC9AÖ× fÔ�¢0O'PVU�{}|

A
ºI��eT[]PVU'WZ�][]ghd�PVU��mºIU�[�dc^oR~_bU]dhY�_b^�f�gh��w E Y�_bRTPSUsWZU�f¸k�f&{][�a`Y�_}acdca�YZ_bahija

k ≥ 0
���U�eltza$d¹a`�]eTU��o^�YÅi�^�f�a

z ∈ A
^�e�izvT�o^o�Z{�P

|z| ≥ k
��^o��RTa$Y¯iz^"f¸^

z
n�^heT[�PSU�tSPV�
RTaÁnTPV�]�Ä{�[]���\{]P»·

z = uvwxy
f�_}a`d�PFY\nI^oY\koº �~��U

vx 6= ε
�
|vwx| ≤ k

^op\a`[�eTtVa)d¹a`��elU��o^
i ≥ 0

�ua`��g
uviwxiy ∈ A

w
9 ��� · Ý ¡�º ¶ º4¡wÜ �`U]�\tSPcWZ��[]ghdQWZU]YZ_�º�U][�dc^oR~_bU�d�Y�_b^�f�go�l_\^�PVYZ_\RTPVUXWZU�^Feln�^�f�PzaceKa"W\q`{�a���v��`pba`�uac_Xghd¹aºIU�[�dc^oR~_bU]dhY�_b^�f&a½f nI^oYZ_ba`{�P�RT^opZ�
a`tSRTUsW ° |T^o��Y\d~g�� U]�o^TwC�)pZ[�U¯f�a�f�ghnTp\^�f&a`eT[]U���eTtza��opbac�
ac_Xghd²fnI^oYZ_ba`{�PÆRl^op\�ua`tVRlUsW ° |T^`�uYZd�g�� U��o^��ua"W\q�nI^oYZ_ba`��p\U]�ovTtzacp\R~gh{}|�elp\[�U¯féºTPSRKa`pZR�gh{}|�[�À÷¾jpZ��eT[]U�tSdcac�uP Âe�izvT�o^o�Z{�P Ê ³EnTpZ^FeTvld`{sWZUc�Ö[
d~_bk`pZgh{}|�^`_bpZ[]gh��v¹WZU]��gr_\U�pZ�uPSRKa`tVU�¶¯wý«:a`d~_�·��`U]�\tVP�eTpZ[�U]f¸^�f�ghnTp\^�f&a¹ÃeT[]U�RTPVa��
a�f�ghY\^odc^o�\�

h
�h_b^�eIi�vT�o^`�\�Qf�ghnTpZ^�f�a`el[�a`RTU]�o^½Y¯iz^"f&a�RTPSUQnlp\[�U]d�pba`{][�a

2h−2 w�Éh_bq`eÆ��WZU��]U�tVPY¯iz^�f&^��
aÁeIi�vT�o^`�\��f�PV�]dhYZ[�q�RTPV�
2k �Â_b^�eTpZ[�U¯f&^�f�gFnlp\^�f�aceT[�U]RTPza��
aÁf�ghY\^`d`^o�Z��nTpZ[]ghRKa"WZ��RTPSUsW

k + 3
w�� _}a`d�PS�ëeTpZ[�U¯f�PVU�f�ghnTp\^�f&a`eT[�U]RTPza½PVY�_bRTPSUsWZU��Z{�PSU���d¹al�KRTa�d�_\kop\UXWDWZU]YZ_�nTpZ[]ghRKa"WZ��RTPVUXW

k + 2RTPSU]_bU]p\��PVRKactVP»w��`U��\tSP
|N | = n

�Æ_b^�eTtVaÄY¯i�k�f ^�e�i�vT�`^o�\{]P
≥ 2n �Æf PV{}|�eTp\[]U]f&a`{}|rf�ghnTpZ^�f�a`el[�U�RlPzaPVY�_bRTPSUsW\q��\{]PVU��]d�Pl[�a�f�PSU�pba�W\q`{�U¸nTp\[¯gFRTa"WZ�uRlPVUsW

n+1
RTPSU]_bU]p\��PVRKactVP»��{]^�^o[]RKa`{�[�al�`�]U&nIU]f�PSU�R�RTPSU]_\U�p\��PêÃRKa`tµ��vTY\PÆYZPV��nI^"f�_ba`p\[�a`�`wÖ��ghºTPVU]pba`��g
nTPVU]pZf�YZ[�U�n�^�f�_bk`p\[�U]RTPVU�PSeKq`{�^he�el^Fi�v��\{]PVU]��d�P»wÖ��gF[]RKa`{][�a^oRT^½YZ[�vTd¹a`R~g�nI^FeT[]Pzahi�YÅi�^�f&alw

9 ;$º¹��Ö Üd�$º ¶  �¸ · 9  �UVÔ!92��¸, fÔ¦� ¶ ¸�9 xÖp\^�f&a`eT[]PV��g²�`p\��[7�)U���^oRTU]��w��)U���^oR½YZ_ba`pba�Y\PS��n�^od¹a`[�a`�`���U&WZ�][]ghd5WZU�Y�_QpZU��ovltza`pZR�g`�:a²��gÄ�]U5RTPSU`w|��pba�YZdKi�a`eKa½Y\PS��[ ç p\vl{}|Tk�f�·
•
�QU���^oR�f�gFºlPVU�p\a�Y�_}ahi�q

k ≥ 0
w��`U��\tSPFWZ��[¯gFd5WZU]YZ_'ºIU�[�dc^oR~_bU]dhY�_b^�f�go�I_b^½��^o��U�_b^½º~gh�

2|N | w
•
��ghºTPVU]pba`�5gÄY¯iz^�f&^

z ∈ A
�
|z| ≥ k

w
•
�QU���^oR�eT[�PSU�tSP~WZU�RKa�nlPV���Q_}a`d�PV{}|�{][��]�\{�P

z = uvwxy
����U

vx 6= ε
�
|vwx| ≤ k

w�Õ�^`��U�_b^²º~gh�nI^Fel[�Pza�iµf�gh[�RKa`{][�^oR~g�nTpZ[�U�[�nI^"f�_ba`p\[�a"W\q`{¯g�Y\PS��RTPVU¯_bU�pZ�uPSRKa`t�RKa��Z{�PSU���{]U�eT^udc^op\[]U�RTPValw
•
��ghºTPVU]pba`�5g

i ≥ 0
w¸�`U��ZtVP

uviwxiy /∈ A
�l_\^½f�gh�op\a`tVPS�\��g`�lf�nTnÆwTf�gh�op\ahi
�)U���^oRÆw

�U�����l�
�$ �¡C¢¨�Q^"f¸kheÆ�:��U&WZ��[¯gFd
A = {anbncn}

RTPSU¸WZU�Y�_QºIU�[]d`^oR~_\U�d�YZ_\^"f�g`w

�U�����l�
�$ �¡C¢¨�Q^"f¸kheÆ�C�]U)WZ��[]ghd
A = {ww : w ∈ {a, b}∗}

RlPVUQWZU�Y�_�º�U][�d`^`R�_\U�d�YZ_\^�f�gow�³EÛQ^opZ[]g~ÃYZ_ba`��g�[�¾Ea`d~_\vÆ�T��U�nTpZ[�U�{]PV�]{�PVU�ºIU�[]d`^oR~_\U�d�YZ_\^"f¸U��`^�[�pZU��ovltza`pZR�gh�ÙWZU]YZ_'ºIU�[�dc^oR~_bU]dhY�_b^�f¸U`w ¶

ç �



� +�õ�3z_�ø4m)õsú
• ü Û8è5w �æw � w ç ý:xC^heKa"W��op\a`�
a¹_XgFdc��f nI^oY�_}a`{]PlRT^opZ�
actVRTUXW ° |T^o��Y\d~g�� U]�o^T��^onTPSY\v¹W\q`{�q�RTPVU]nTvTY�_bUf�ghpbac��U�RlPza½RKa�f�Pza`YZ^"f¸U`�K[�_\p\[�U]�
a²pZ^FeT[�a"W\a`��PÆRKa�f�PzacY\k�f ³>¶¯� ü ýMPWV)X
³>a`tSU�ºIU�[ ε

¶¯w
• ü ÛíþDÈ�w�� Ê ý�ÉhnTp\^�f&a`e�Î�RKa`YZ_\��nTv"W\q`{�q½�opbac�
ac_Xghdc��el^�nI^oY�_}a`{]PµRT^op\�ua`tSRTUsW ° |T^o��Y\d~g�� U��o^T·

S → aSBB|T
t → bTaa|S|ε

• ü Ûmþ	Y�wC� × ý�xC^heKa"W��op\a`�
a¹_XgFd�P�fÜnI^oYZ_ba`{�P&RT^op\�ua`tSRTUsW ° |l^o�uYZd~g�� U��`^�eltzaÁRKa`Y�_b�]nTv¹W\q`{¯gF{}|WZ�][]ghd`k�f�·
¼ {anb2nck : k, n ≥ 1}

�
¼ {anbkan : k, n ≥ 1}

�
¼ {akbmcn : k, m, n ≥ 1 ∧ 2k ≥ n}

�
¼ nTa`tVPSRTeTp\^`��g
RTa`e$actS¾Ea`ºIU]_\U��

{a, b}
w

• ü ÛíþDÈ�w  lÊ ý È�É²Ê¹Ë þ Ì XÆa`YZgh��vltVv¹W�a`tS�o^opZg�_\� ° Û[Z eTtza��op\a`�uac_XghdhP>·
S → AB
A → a
B → AB|bPµY¯iz^"f&a

aab
w

• ü ÛªþDÈ�w  ~× ý È�É²Ê¹Ë þ Ì �oacd�p\^o[]Y\[�U]p\[¯gF��a`tV�o^`pZg�_b� ° Û\Z _}acdI�:acº�g�^oºltVPV{][�ahiµp\k�f�RTPVU]�5tSPV{][�ºI��p\ko�ÅÃR~gh{}|²eTp\[]U]f�f�ghnTp\^�f&a`eT[]U��Æw^XÆa`Y�gF��vTtVv¹Wµ_}a`d�pZ^o[�YZ[�U�pZ[�^oR~g�a`tV�o^`pZg�_b� ° Û[ZÀeltzaQ�`pba`�uac_Xghd�P»·
S → ST |a
T → BS
B → +PµY¯iz^"f&a

a + a + a + a
w¸ÉFnI^heT[�PSU]f&a`R~gÄf�ghRTPVd:· � w

• ü Û�þDÈ�w " ç ý È$Ê¹Ì Û�_\kop\UÂ[�n�^oRlPV��YZ[]gh{}|'WZ�][]ghd`k�f�Ybq�º�U][�dc^oR~_bU�d�Y�_b^�f&Uc�haQd~_bkopZU¸RlPVU�¿���eTnI^�f�PVU�efÎvT[�a`YbaceTRTP W]w
¼ {anbmck : n, m, k ≥ 1 ∧ (2n = 3k ∨ 5k = 7m)}

�
¼ {anbmck : n, m, k ≥ 1 ∧ (2n = 3k ∧ 5k = 7m)}

�
¼ {anbmck : n, m, k ≥ 1 ∧ (n 6= 3m ∨ n 6= 5k)}

�
¼ {anbmck : n, m, k ≥ 1 ∧ (n 6= 3m ∧ n 6= 5k)}

�
¼ {anbmck : n, m, k ≥ 1 ∧ n + k = m}

�
¼ {aibjckdl : i, j, k, l ≥ 1 ∧ i = j ∧ k = l}

�
ç �



¼ {aibjckdl : i, j, k, l ≥ 1 ∧ i = k ∧ j = l}
�

¼ {aibjckdl : i, j, k, l ≥ 1 ∧ i = l ∧ j = k}
w

• ü Û þDÈ�w "�� ý È$Ê¹Ì �)tVa�d¹a`��elU��o^�[
nI^oRTPV�]Y\[¯gF{}|�WZ��[]ghdck"fë^od�p\U]�\t>�D{�[¯gÄWZU�YZ_�^oRÆ·�³jP�¶�p\U]�ovTtVa`p\R~go�³jPVP�¶Âº�U][�dc^oR~_bU�d�Y�_b^�f�go�µactVU�RTPSU�p\U]�ovTtzacp\R~go��³jPVPVPz¶ÂRlPVU&WZU�Y�_QºIU�[]d`^oR~_\U�d�YZ_\^"f�gI·
¼ {x ∈ {a, b, c}∗ : #a(x) = #b(x) = #c(x)}

�
¼ {aj : j

WZU�YZ_'nI^`_b�]�~q × ÃXd�P
}
�

¼ {x ∈ {0, 1}∗ : x
WZU�Y�_Q[�a`nTPSY\U��ÜºTPVRKacp\R~gh�±n�^c_b���`P × ÃXd�P

}
�

¼ L(a∗b∗c∗)
�

¼ f�ghp\a`��U]RTPzaÄRKa�f�PVa`Y\^�f¸U�[¹iz^o��^oRlU�[�U�Y\nKa`pZ^�f�a`R~gh{}|�RKa�f�Pza`YZk�fÙ_\p\[]U�{}|�p\^heT[�a"WZk�f�·
()
�
[]P

{}
�

¼ {anbm : n 6= m}
�

¼ {anbmckdl : 2n = 3k ∨ 5m = 7l}
�

¼ {anbmckdl : 2n = 3k ∧ 5m = 7l}
�

¼ {anbmckdl : 2n = 3m ∧ 5k = 7l}
�

¼ {anbmckdl : 2n = 3l ∧ 5k = 7m}
�

¼ {aibjck : i, j, k ≥ 0 ∧ i > j ∧ j > k}
�

¼ {aibjck : i, j, k ≥ 0 ∧ (i > j ∨ j > k}
�

¼ {x ∈ {a, b}∗ : #a(x) > #b(x)}
�

¼ {ambn : m, n ≥ 0 ∧ 5m + 3n = 24}
�

¼ {ambn : m, n ≥ 0 ∧ 5m − 3n = 24}
w

ç �
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¤uÄÅ�Æ�M¨v� ¡Ç�:� �4�M¨v�µ¨Q©í¬
^�óZò Í	m¸öFû)õ�3�0�ø
E R~_bvTPS{]g�WZRTU�nTp\[]U�eTY�_}a�f�PVU]RTPVU�a`vF_b^o�uac_bv�Y�_b^oYZ^�f&U]�o^Tw

•
Û'^oRTY�_bp\vld`{sW\aua`vl_\^o�
a¹_bvÆw

•
Éhn�^oYZkoº�eT[�PVahija`RlPzalwDÛQ^oRfST�ovTpbac{sW\alw

•
�Qd`{]U�nl_ba`{sW\a�nTvTYZ_Xgh� Y�_b^oYZU���w

�U�����l�
�$ �¡C¢3O'PVU¯¾j^op\�ua`tVR~g`w���ghtSU�Y\a`��^�tSPS_\U�p
a
�T{]^

b
w�xÖp\[¯gFdTi�a`eT^�f&U5^oºTtSPV{�[]U�RTPSU�eTtVa

aabbba
w

^�ó$# ä�û�öA&^iªú�ö�`å*~öf&C*®&,+�ø
8:92;=<)>fç �)vl_\^o�uac_�YZ_\^oY\^�f�g

M = 〈Q, Σ, Γ, δ, s,⊥ [, F ]〉
�T�`eT[�PSU`·

• Q
q YZd`^o�l{�[�^`R�g�[]ºTPVkop�Y�_}a`Rlk"f��

• Σ
q a`tS¾Eacº�U¯_�f&UXWZ�\{]PV^�f�go�

• Γ
q a`tS¾Eacº�U¯_�YZ_\^oY\^�f�go�

• δ ⊆ (Q × Γ × (Σ ∪ {ε})) × (Q × Γ∗)
¾jvlRTd`{XW\a�nTpZ[�UXWZ�\{�PVal�

• s ∈ Q
Y�_}a`R�n�^h{�[�qc_bdc^�f�go�

• ⊥∈ Γ
YZgh��ºI^otµn�^h{�[�qc_bdc^�f�g�RKa²YZ_b^`Y\PVUc�

• F ⊆ Q
[�ºTPSkop�YZ_ba`RTk�fîacd`{�U]nl_bv"W\q`{]gh{}|�³E^`n�{XWZ^oRKa`tSR�gl¶Åw

2

�¼º�Ô! �Ý6Þ� l¢ XÆa`��PzacYZ_�nlPVYbac�
((p, a, A), (q, γ)) ∈ δ

nTPVYZ[�U��5g
(p, A)

a
→ (q, γ) [∈ δ]

w
8:92;=<)>®ë Û'^oRfSK�`vTpba`{XWZU��
acY\[]ghR~gÄY�_b^oYZ^�f&UXWFq U]tVU���U�R~_Xg

Q×Σ∗ × Γ∗ wÂÛ'^oRfSK�`vTpba`{XW\a�n�^h{�[�qc_ZÃd`^�f&aueTtVa�Y¯iz^"f&a
x
�T_\^

〈s, x,⊥〉
w

2

8:92;=<)>®ì Ý'U]tza`{XW\a�nTp\[]UsWZ�Z{�Pza½��PV��el[]gÄdc^oRfSK�`vTpba`{XW\a`��P
→
·

•
WZU]�\tSP

(p, A)
a
→ (q, γ) ∈ δ

��_b^reTtza�eT^�f¸^otVR~gh{}|
y ∈ Σ∗, β ∈ Γ∗ �ua`��g

(p, ay, Aβ) →
(q, y, γβ)

�
•
WZU]�\tSP

(p, A)
ε
→ (q, γ) ∈ δ

��_b^�eTtVa�eT^�f&^`tVR~gh{}|
y ∈ Σ∗, β ∈ Γ∗ �ua`��g

(p, y, Aβ) →
(q, y, γβ)

w
ç "



OQPSU�{}|
→∗ ºI��el[�PVU5[]f�pZ^`_bRTPS^cÃXnlp\[�U]{}|T^heTRTPV�yeT^`�ud�RTPS��{�PSU�� pZU�tzac{sWZP

→
wQ� k�f&{][�a`Y¸WZ�][]ghd�a`d`{]U�nl_\^cÃf&a`R~g�nTp\[]U�[5a`vl_b^`�
ac_��u^o�]U���g
^od�p\U]�\tVPS��RKa`Y�_b��nlv¹W\q`{�^l·

 ���Ý�92à,Ô¿ �Ý6Þ� úÛ�Ô! �¸�9AÖ
L(M)

Y\dTi�a`eKa)YZPV��[�_ba`d�PV{}|�YÅi�k�f
x
�`�]U

(s, x,⊥) →∗ (q, ε, γ)
eTtVaQnIU]f�R~gh{}|

q ∈ F
^opbac[

γ ∈ Γ∗ �
 ���Ý�92à,Ô¿ �Ý6Þ� ßàwÜ,ÛTÔ¦��Ö ÛTÔ!º�Û�9®Ö

L(M)
Y\dTi�a`eKa�Y\PS��[�_}a`d�PS{}|²Y¯i�k�f

x
�~��U

(s, x,⊥) →∗ (q, ε, ε)
eltzanIU]f�RTU]�o^

q ∈ Q
wÖ�Da`d¹q½d`^oR~f¸U�RT{XWZ�5f�i�a`�\RTPSU�nTp\[¯g�WZ��PVU]��gow

2

�U�����l�
�$ �¡C¢ �ÂghtVU�Yba`��^²tVPê_bU]p
a
�K{�^

b
q ¾j^opZ�
a`tSRTPVUcwDxÖpZ[]ghdTija`eT^�f¸U�^oºltVPV{][�U]RTPVU�eTtVa

aabbba
w

�U�����l�
�$ �¡C¢ �Qvl_b^`�
ac_'acd`{�U]nl_bv"W\q`{]g�nTvTY�_Xgh�mY�_b^oYZU�� f�ghpba`�]U�RTPVa�RTa�f�PVa`Y\^�f¸U
[
�
]
w&xÂpZ[]ghdTija`el^"f¸U^oºTtSPV{][�U�RlPVU�nTpZ^�f�a`el[�q`{]U5eT^�[�a`a`d`{]U�nl_\^"f&a`RTPVa

[[][[]]]
w

�U�����l�
�$ �¡C¢ �Qvl_b^`�
ac_�a`d`{]U�nl_\v¹W\q`{¯g´nKa`tSPVRTeTpZ^o��g�RKace�a`tS¾Ea`ºIU]_\U��
{a, b}

w�xÖp\[¯ghdKi�a`eT^�f¸U�^`ºTtVP Ã{�[]U�RTPSU�a`d`{]U�nl_\v¹W\q`{�U�Y¯iz^�f�a
abba

P
baabaab

w

�U�����l�
�$ �¡C¢ �Qvl_b^`�
ac_ua`dc{�U]nl_bv¹W\qc{]g
{ww : w ∈ {a, b}∗}

wÀ�Qvl_b^`�
ac_�[]�~a`eTv¹WZU�RKa"WZnTPSU�p�f���{�[¯gY¯iz^�f&^uWZU]YZ_½nKa`pZ[]ghYZ_\UsW]�Â{�[¯g�RTPSU�nKacp\[]ghY�_bUsW�e�izvT�o^o�Z{�P>w��`U��ZtVP&RlPVU�nTa`p\[¯gFY�_bUXW]�Â_\^$_XghtVdc^Á_b^�Y\nlpba�f�eT[�aFw�`U��ZtVPTnTa`p\[¯gFY�_bUXW]��_\^���vTYZPTn�^heT[]PVU�tSPV�Â_b^�Y¯iz^�f&^�RKa�nI^Fi�^�f¸��Pl[�RTa`tVUTÎ���RTPSU�[��`^FeTRl^o�\����PV�]eT[]g5nTPVU]pZf�YZ[�qP�eTpZvT�~q�n�^Fiz^�f�qlw � k�f&{][�a`Y�Y¯iz^"f¸^ �ua´n�^`YZ_}ac�
xaybz

tSvTº
xbyaz

��nlp\[]g {][]gh�
|y| = |x| +

|z|
w OQPSU�eTU¯_bU]p\��PVRTPSYZ_Xgh{�[]RTPVU�[��oa`eTv¹WZU]��go��d~_\kopZg�nTpZ[]ghnKa`elU�d��
a���PVUsWZYZ{�Ucw O)a`Y�_b��nlRTPVU�[�tSPV{�[�a`��g[�RTa`d�P'YÅi�^�f&a

x
f�dTijaceKa"W\q`{�WZU�RKa�Y�_b^oY]w�O'PVU�elU]_bU]p\��PVRTPSYZ_Xgh{�[]RTPVU�[]�~a`eTv¹WZU]��go�¸d�PVU�eFg$WZU�YZ_ud`^`RTPVU]{

x
P�Y\nlpba�f�eT[�ac��go��{][]g�d`^otSUsWZR~g�[�RTa`d�_b^

a
w ��a`tSUsW½[]tVPS{�[�ac��g´[�RTa`d�P

y
[]eTUsWZ��v¹W\q`{�U�tVU]�uU]R~_Xg�[�UYZ_\^oY\v w�xC^$f¸{�[¯g�_}a`RTPSv

|x|
nTPVU]pZf�Y\[¯gh{}|�[]RKa`dck"f

y
^heTY¯i�a`RTPVa�Y\PS�

⊥
P�f¸{�[¯g�_bv¹W\q`{�eTa`tVYZ[�U
[]RKa`d�P

y[�tSPV{][�a`��g�WZU�f�dTijaceKa"W\q`{�U�tVU]�uU]R~_Xg RTarYZ_\^oY�wøX �~aceTv¹WZU��5g�RTPVU]eTU]_\U�p\��PVRlPVYZ_Xgh{][�RTPSU�d�PSU�elg�d`^`�T{�[¯gY\PS�
y
P�Y\nTp\a�f�eT[�a`�5go��{�[¯g eKa`tSUsW�WZU�Y�_

b
w �)^�f¸{�[¯g�_}a`RTPVa nI^o[�^`YZ_}a�i�^�Y¯iz^"f¸^

z
��d�_\kop\U��ua�_XgFtSU[�RTa`d`k�f���PVtVUuU�tSU���U�R~_bk�f f�i�^o�¯gFtSPV�Z��g!RTaÁYZ_b^`Y�w�x�^uWZU��o^Áf¸{�[¯g�_}a`RTPSv nI^�f�PVRTPSU�R�^heTYÅi�^oRTPS�ÄY\PS�

⊥
�d~_bkop�g�[�elUsWZ��v¹WZU]��gow

^�ó\[ îït,+ðm§&,+�úCízm§&|¯®x/´Öùlú^iªú�ö�`baÁg5ø4_�aC&Cm¸öFøla)*~öA&,+ê`b3�}2õ²úÂû'öA&|iªú�öft�+
*~öA&|*®&�+ê`)3�}

ìl<ÙW4<s> 9 ��Ö Ü_Us �Ý6Þ�  ¶ �4à,�Zº ¶  �¡,��9®¸ ·   à,�Z��9®�ý �Ü4Ô!º�Öß fÔnÛTÔ!º�Û�º ¶ �
Õ$a`�5g�eKa`RKq½�op\a`�
a¹_XgFdc�5ºIU�[]d`^oR~_\U�d�YZ_\^"f&q

G = 〈N, Σ, P, S〉
w|X ºTvTeTv¹WZU]��g�p\k�f�RT^�f&a`��R~g²WZUsW�a`vFÃ_b^`�
ac_�wC�Qvl_b^`�
ac_Ö_\U�R½ºI��eT[]PVU��uPVahiT_XghtSd`^�WZU�eTU]RuY�_}a`R

Q = {s}
w�O)a�Y�_b^oYZPVU�º��]eT[�PSU�nTp\[]U�{}|T^�f�g�f&ahi

ç  



YZgh��ºI^otSU�_bU�pZ�uPSRKa`tSRTU�RTPSU]_bU]p\��PVRKactVRTUcw
Γ = N ∪ Σ

w
xÖp\[¯g�WZ��v¹WZU��5go����U
S =⊥

wÄ�`U]�\tSPÖRKaÄf�PVU�pZ[¯Ã{}|T^Fizd�v
YZ_\^oY\v�WZU�Y�_¸_\U�p\��PVRTa`t»�¹_b^�^F{][�U�d�v¹WZU]��go�h��U�WZU�Y�_&^`RuRKa�f¸UsWZ�\{]PVvÆ��f¸{�[]g�_\v¹WZU���g�PK[]eTUsWZ��v"WZU���g`w�`U��ZtVPMRKa²f�PVU]p\[�{}|l^Fi�d�v�WZU]YZ_QRTPVU¯_bU�pZ�uPSRKa`t>�F_b^�[�elUsWZ��v¹WZU]��g��o^�PÆf�dKi�a`eKa`�5g�RKauY�_b^oY'nTpba�f&quY�_bp\^`RT�WZU�elRTUsW�[�nlp\^heTvTd`{XWZPµeTtza�_\U��o^½YZgh��ºI^otSvÆwÖ�)dc{�U�nF_bv¹WZU]��g�nTvTYZ_Xgh� Y�_b^oYZU���w�)vl_\^o�uac_Q_\U�RÁpZU�a`tSPV[]v¹WZU�tVU]f¸^oY�_bp\^`RTRTU5f�ghnTpZ^�f�a`el[�U�RlPzal� _\^
[]RKa`{�[¯g�_ba`d�PVUc�:fæd~_\kopZgh{}|�[�a�f�YZ[�UWZU�Y�_�p\^o[¯f�P W\a`R~g
Y\d�pba"WZRlPVU�tVU¯f�g
RlPVU]_\U�pZ�uPSRKa`t»w��`U��ZtVP�f¸{�[¯g�_Xghf&a`RTU5Y¯iz^"f¸^½_b^
x
�
x = yz

�F_\^½d`^oRfST�ovFÃpbac{sWZP
(s, z, α)

^Feln�^�f�PzaceKa�fîf�ghnTpZ^"f&a`eT[]U�RTPSv�Y¯iz^"f¸^
yα

wQ��Y\Pzq��~a"W\qc{�dc^oRfSK�`vTpba`{XWZ�
(s, ε, ε)

_Xgh�Ybac��gh�±�
ac��g
f¥f�gFnlp\^�f�aceT[�U]RTPVv�Y¯i�^�f¸^
x
w

�U�����l�
�$ �¡C¢3xÖpZ[�U�pZ^oºTPS��_bq²�uU¯_b^heKq²�opba`�uac_Xghd`��f�ghpbac��U���RKa�f�Pza`YZ^�f�gF{}|�RKa½a`vl_\^o�
a¹_�w

�U�����l�
�$ �¡C¢3xÖpZ[�U�pZ^oºTPS��_}q���U]_\^FeKq5�opba`�uac_Xghd`���`U�RTU]p\v¹W\q`{�q�Y¯iz^"f&a²[�a�f�PVU]pba"W\qc{�U)_XghtVU)Yba`��^
a
{�^

b
RKa½a`vF_b^o�uac_�w

ìl<ÙW4<ÙB 9 ��Ö Ü_Us �Ý6Þ� × �Ü�Ô!º�Öß AÔZÜá�vÞ�9®¡w¸��4Ö ÛTÔ¿ �¸,9®Ö à,����92�ýã¹�� �Öß fÔ¦�4�¹â
xC^�f�gh��YZ[�a�d`^oRlYZ_bpZvTd`{XW\a�eKa)YZPV�&[&�op\vTºlY\[�aQ^Felf�pZkF{]PV�cw�XÆahizko���5go�`�]U��ua`��g�eKa`R~g�a`vl_\^o�
a¹_CY�_b^oYZ^�f�g[ÆWZU�eTR~gh�æYZ_}acRTU��

M = 〈{s}, Σ, Γ, δ, s,⊥〉
w,�)tza�vTnTpZ^oY\[]{�[]U�RTPVa)[�a`dTi�a`eKa`��g`�c�]U

Γ∩Σ = ∅
wDO)a`YZ[�a�op\a`�
a¹_XgFd¹a²�ua�n�^oY�_}a`�

〈Γ, Σ, P,⊥〉
�lnTpZ[]g�{][]gh�

P
[�a�f�PSU�pba²RKacYZ_b�]nTv¹W\q`{]U5nlp\^heTvTd`{XWZU`·

•
WZU]�\tSP

(s, A)
a
→ (s, γ) ∈ δ

�T_\^
A → aγ

�
•
WZU]�\tSP

(s, A)
ε
→ (s, γ)) ∈ δ

�T_b^
A → γ

w
��eTnI^"f�PSU�eTRlPV^o�Z�¸WZU�YZ_�_ba`d¹a)W\acdÄn�^`nTp\[]U�eTRTPS^Tw
�U�����l�
�$ �¡C¢3xÖpZ[�U�pZ^oºTPS�u_}q��uU¯_b^heKq$acvl_b^o�uac_5a`dc{�U�nF_bv¹W\q`{¯grf�ghp\a`��U]RTPza$RTa�f�PVa`Y\^�f¸UÄRKa��opba`�ua¹Ã_Xghd`�cw

�U�����l�
�$ �¡C¢3xÖpZ[�U�pZ^oºTPS�5_}q��uU¯_b^heKq
acvl_b^o�uac_Qa`dc{�U�nF_bv¹W\q`{¯g$YÅi�^�f&aÄ[�a�f�PVU]pba"W\q`{]U5_XghtVU�Ybac�u^
a
{�^

b
RKa²�op\a`�uac_Xghd`�`w

ìl<ÙW4<ÙW ùÆ9®¡wÜ���Ý6Þ� ×� õ · º���Ü�Û�Ô! �¸ »A¶ ¡�ºÆÞ�9®¡,¸,92ã¹º
xC^`[�^oY�_}ahiz^�RKa`� nI^od¹a`[�a`�`�Ö�]U�eTtza$d¹a`�]eTU��`^�a`vl_b^`�
ac_\v�YZ_\^oY\^�f¸U��o^

M = 〈Q, Σ, Γ, δ, s〉
PVY�_bRTPSUsWZUp\k�f�RT^�f&a`��R~g���v�a`vl_\^o�
a¹_)['WZU]eTR~gh� YZ_ba`RTU]��w ö U�[�[]�uRTPSUsWZYZ[�U�RlPzau^`�okotVRl^o�\{]PC��^o��U]��g�[�ahiz^o�]gh�c���U�a`vF_b^o�uac_

M
fé��^o�uU]RT{�PSU�^onTpZko��RlPVU�RlPza�YZ_\^oY\v�ºI��eT[]PVU�[�a�f�Y\[]U�f�WZU�eTR~gh� YZ_ba`RTPSU

q
w�!YZ[]ghYZ_\d�PVU�PVYZ_\^`_bRlU�PVRl¾j^opZ�
ac{sWZU
ºI��el[�PVU]��g�nTa`�uPS�]_ba`�ÄRKa�YZ_\^oY\PSU`�

Γ′ = Q × Γ × Q
w

M ′ =
〈{s}, Σ, Γ′, δ′s〉

w��)vl_\^o�uac_
M ′ ºI��eT[]PVUÂRKa�n�^h{�[�qc_bd�v5�uPVahi�RKa�YZ_\^oY\PSUÂ_\p\k¹WZdc� (p, A, q)

P�a`d`{]U�nl_\^�f�ahiY¯iz^�f&^
x
f�_Xf�wê�µ�oelg

M
º��]eT[�PSU�[�a`{][]ghRKahiz^ÄfÙYZ_}acRTPVU

p
PD[5YZgh��ºI^otVU]�

A
RKaÄYZ_\^oY\PSU`��f¸{�[¯g�_Xghf&ahiz^

�	�



x
PMd`^`�T{�[¯g:iz^
fîY�_}a`RTPSU

q
[5nTvlYZ_Xgh�.Y�_b^oYZU���w ö U][�[]�uRTPSUsWZYZ[�U�RlPza²^o�okotSRT^o�Z{�Pµ��^o��U]��g�[�ahiz^o�]gh�c�I�]U

M
a`d`{]U�nl_\v¹WZU½nTvTY�_XgF� YZ_b^`Y\U��mf�WZU�eTR~gh� _XghtVdc^�Y�_}a`RlPVU`w5���okotSRTPVUc�~WZU]��U]tVPDRTa
f�PVU�pZ[�{}|T^hi�d�v�YZ_b^`Y\vWZU�Y�_
(p, A, q)

�T_\^½^FeTnI^�f�Pza`eTa²_\^uY�g�_bvKa`{XWZP»�K�oeFg�RKa²f�PVU�pZ[�{}|T^hi�d�v
M

WZU�YZ_
A
�
M

WZU]YZ_'féYZ_ba`RTPSU
p
PnI^u[]e¹WZ��{]PVv$Y�gh��º�^`tVv

A
[]U�Y�_b^oYZv$nTpZ[�UsWZel[�PVU�eT^�YZ_ba`R�v

q
w�Éh_ba`R~g�nKa`��PV�]_ba`RTU�RKa�YZ_\^oY\PSU���vTY\[�quY\PS�

ÀX[�a`[��]ºTPzac��Â}�F_b[�R wKn�^he�YZ_}acRTU��
(p, A, q)

��vTYZPµº�gh��YZ_ba`R�nI^oY�_}a`{]P
(q, B, r)

Pê_beÆw
δ′
WZU]YZ_'^od�p\U]�\tV^`RTU�RKa`YZ_\��nTv"W\q`{�^T·

•
WZU]�\tSP

((p, a, A), (q, B1B2 . . . Bk)) ∈ δ
�T_\^

((s, a, (pAqk)), (a, (q0B1q1)(q1B2q2)
w�w]w

(qk−1Bkqk)) ∈ δ
�

•
WZU]�\tSP

((p, a, A), (q, ε))
�h_b^

((s, a, (p, A, q)), (s, ε)) ∈ δ
�

��[�RKa`{][�aÄ_b^Äa`vl_b^`�
ac_'f�ghY\^h{�U²RTPSU�eTU¯_bU]p\��PVRTPSYZ_Xgh{�[]R�g`w�OQPVU]eTU]_\U�pZ�uPSRTPV[]� n�^o[¯f�actza
RKac�.nTpZ[�UÅÃf�PVeFghf&a`��nTp\[¯ghY\[¹iz^o�\��PµeT[]PV��d�PÆ_\U���v�nTpZ[�U�{}|l^"f�g�f&a`��Y�_}a`R~g�a`vl_\^o�uac_bv�RKa½YZ_\^oY\PSU`w

�FÊ



� +�õ�3z_�ø4m)õsú
•
Éhd`^oRTY�_bpZvTv¹WQa`vF_b^o�uac_�Y�_b^oYZ^"f�g�a`dc{�U]nl_bv¹W\qc{]g�nI^oRTPV�]Y\[]U�WZ�][]ghd�P»w ü �`�'���K�'��· ý��`U]�\tSPµa`vl_\^o�
a¹_�uaÄf�PV��{]UsW�RlPV�)WZU�eTU]R�YZ_ba`RÆ�M_b^�nTp\[]U�pZkoº!�o^�_}acdI�Ca`º~g��uPVahiÖ_XghtVdc^½WZU]eTU�RrYZ_}acRÆw�O)acYZ_b�]nTRTPSUnTpZ[�U]dhYZ[]_bahi��5a`vl_\^o�
a¹_�YZ_\^oY\^�f�g�fé�`pba`�uac_Xghd`��ºIU�[�dc^oR~_bU]dhY�_b^�f&qlw
¼ YZnKa`pZ^"f&a`RTU�RKa�f�PzacYZg�³>¶ ü ý`V)Xo�¼ nTa`tVPSRTeTp\^`��g
RTa`e$actS¾Ea`ºIU]_\U��

{a, b, c}
�

¼ {aib2i}
�

¼ {aibjajbi}
�

¼ {w : #a(w) >= 2#b(w)}
³Ed�PStVd¹a��u^`��tVPêf�gh{}|�pZ^o[]f�PVq`[�ac�:¶¯�

¼ {aibjck : i 6= j ∨ j 6= k}
�

¼ f�ghp\a`��U]RTPza�a`p�g�_b��U]_Xgh{�[]RTUÄf RT^`_}ac{sWZP�n�^otSY\d�PVUXWÄ³EeTtVa�vTnlp\^oYZ[�{�[]U�RTPVaÁtVPS{�[�º~gr�u^`�~q�º~gh�_XghtSd`^�WZU�eTRT^h{]g�¾jpZ^"f¸U�¶Å�
¼ f�ghp\a`��U]RTPzaÁacpZg�_b��U]_Xgh{�[]RTUufª^Felf�pZ^`_bRlUsW�RT^c_}a`{XWZPÖn�^otSY\d�PVUXWu³jeTtza�vTnTpZ^oY\[]{�[�U]RTPza�tVPS{�[�º~g��^o�~q²º~gh��_XgFtSd`^�WZU�eTRl^F{¯gh¾jpZ^�f&U�¶¯w

�o×



� �
�� o¡�¢ £bau¤ � ¬b�M¬�§
� ®]­�®T�l�:�Æ�&«�­�¬ ¡U�:�M¨v� ¡��I� �4�M¨v�µ¨Q©í¬)È�É²Ê¹Ë þ Ì
ñQ[]vTnIU¹i�RlPV�½w�w]w

•
�QUTSKRTPS{sW\aÆq el^F{}|T^heT[]P�[]RKa`{][�RTPSd�dc^o�T{�a�f¸UsWZ�\{]Pza$PÖf&a`p\vlRTU�d:���]U�f d¹a`�]eTUsW�d`^oRfST�ovTpbac{sWZP�PeTtVa�d¹a`��eTU]�o^��u^o�]tVPêf&U]�o^²YZgh��ºI^otVv�RKa�f¸UsWZ�Z{�PVv�_XghtVd`^)WZU]eTRT^�nTp\[]UsWZ�\{]PVU�WZU�Y�_Q��^o�]tVPSf¸U`w

•
�Mf�wC�)^onIU¹izRTPVU]RTPVU'eTU¯_bU�pZ�uPSRTPVY�_Xgh{�[�RlU��o^'WZ�][]ghd¹a�ºIU�[�dc^oR~_bU]dhY�_b^�f¸U��o^T�`WZU]YZ_�elU]_bU]p\��PVRTPSYZ_Xgh{�[]RTUºIU�[]d`^oR~_bU]d�YZ_b^�f¸U`w)�Q^"f¸kheÆ·
¼ elvTnTtVPSd�v¹WZU���gÄYZ_}acR�g`�

q′ = q
�KactVU¸WZU��ZtVPµº~gKi�f&{][]g�_}a`R~g�[�RTa`{�[]RTPVdÄdc^o�T{�a�f¸UsWZ�\{]Pzal�Knlp\[�UXWsÃ�Z{�PVa�^heTnI^"f�PSU�eTRlPVU`�lRKa`pbac[�PVU�a`d`{]U�nl_\^"f&a`R~g²WZ��[]ghd5WZU]YZ_�_bU]R�Y\a`���

¼ el^FeKa�WZU���g YZ_ba`RÀa`dc{�U�nF_bv¹W\q`{¯g
f ′ P)Y�_}a`R~g ^FeTpZ[�vT{�a"W\q`{]U

r
P

r′ Y WZU]�\tSPQ{][]gh�\{]PV��g YZ_\^oYnlp\[�U]erdc^o�T{]U�� f¸UsWZ�Z{�PzaF�Æ_b^�Y\d¹a`{][�U]��g�eT^
r
�µa�WZU��]U�tSPDnI^Ä_b^�eT^

f ′ �Æn�^�^`Y\Pzq��oRTPS��{]PVv racvl_b^o�uac_�f¸{�[]g�_\v¹WZU
f¸UsWZ�\{]PVUÄPÂeT^h{}|T^heT[�P�eT^
r′
�CY�_b^oYZv�RTPVU�{�[¯gh�\{�PS��go�C_XgFtSd`^$a`vl_b^`�
ac_[�a`nI�]_btVa²Y\PV��f

f ′ tVvTº r′
�

¼ nI^onTp\a�f�PV��gÄa`vl_b^`�
ac_&_}a`d:�K[�U�[�a�f�YZ[�U�a`tVºI^½a`d`{]U�nl_\v¹WZU`�Ia`tSº�^²^heTpZ[�vT{�al�
¼ f�W\a`d�PµY\nI^oY\k`º$a`vF_b^o�uac_���^o��U�YZPV��[�acn��¯_btVPS��¿
¼ ºlPVU�pZ[�U]��gr_ba`d�P¸RlPVU�YZd`^o�l{�[�^`R�g!n�^heT{]Pzq���dc^oRfSK�ovlpba`{XWZP»�D�]UÄ[�a�f&a`pZ_\^o�\�
YZ_b^`Y\v�nI^ÁeKa`RlUsW{}|~f�PStVP'RTPV�oeFg RlPVU�WZU�YZ_
�uRlPVUsWZYZ[�al�

i0 < i1 < . . .
��_ba`d�PQ{]Pzq��r��^o�]RKarYZd`^oRTY�_bpZvT^�f�a`�[�a`{�[¯ghRKa"W\q`{5^Fe

i0 = 0
�Tº�^½Y�_b^oY�RTPSU¸WZU�YZ_'RTPS�oelg�nlvTYZ_Xg`�

¼ [�_\U��o^½{�PVqh�`v�f�ghºTPSU�p\a`��g
_ba`d�PµRTPVU]Y\dc^o�T{�[]^oR~g�n�^heT{]Pzq��
j0 < j1 < . . .

�K��U�fé{}|~f�PVtVa`{}|_Xgh{}|$WZU�Y�_�f�ghd`^oR~g�f&a`RTU�_b^ÁY\a`�u^$nTp\[]UsWZ�\{]PVUc�ÖPVYZ_\RTPVUXWZU
P¸��vTY\PÂ_b^�º~gh�
ε
ÃXnlp\[�UXWZ�\{]PVU`�Ö{]^f�PS��{]UsWÖa`vl_b^`�
ac_DRTPVU&[�a`�otVq`eKa)nI^he�_b^�{�^¸WZU]YZ_ÂRKa�f¸UsWZ�\{]PVvÆ�~{][]ghtVPln�^�f¸UsWZ�Z{�PVv½eT^�_ba`d�PVU��`^Y�_}a`R�v�PÆYZgh��ºI^otVv�RKa²f�PVU]p\[]{}|T^Fi�d�v�YZ_\^oY\v���vTY\PµYZPV��[�a`n��¯_btSPV�`�FRTPVU][�a`tSU��]RTPVU�^he�f&UXWZ�\{�PVal�

¼ _ba`d�PVU�nTpZ[�UsWZ�Z{�PSU�[�a`YZ_\��nTv"WZU���g�nTpZ[�UXWZ�\{�PSU��±el^
r
³jtVvTº

r′
¶Å�

¼ nI^oY�_b��nlv¹WZU���gr_}a`d:�D_ba`d�e�i�vl�o^T�Öa`�uPVRTRlU
[�acn��¯_btVU]RTPVU�RTPS�
^heTp\[]vT{�U]RTPVUutVvTº´acd`{�U]nl_}ac{sW\aRlPVU�º��]eT[�PSU��u^`��tVPêf&Uc�
¼ f¸k�f&{][�a`YQeT^onIU¹izRTPVU]RTPVU�vT[¯ghY\d�v¹WZU��5g�[�a`��PVU�RlPza"W\q`{)�uPSUsWZY\{�a`��P

r′
P
f ′ w

•
«:a`d~_�· E Y�_bRTPSUsW\qÂWZ�][]ghd�PlºIU�[]d`^oR~_bU]d�YZ_b^�f¸U`�Fd�_\kop\U¸RTPVU¸Ybq)elU]_bU]p\��PVRTPSYZ_Xgh{�[]RTU`�`RTnÆw:WZ�][]ghd�nI^oY�_}a`{]P

{ww : w ∈ {a, b}∗}

w

�`Ú



� +�õ�3z_�ø4m)õsú
•
Éhd`^oRTY�_bpZvTv¹WF¡�92Ô¿9®��Ö · ¸ · ÛTÔ¦��Ý��2¸��$acvl_b^o�uac_�YZ_\^oY\^�f�gua`dc{�U�nF_bv¹W\q`{¯g�nTp\^oY�_bU�f�ghpba`�]U�RTPVa�a`p�gh_�Ã��U]_Xgh{�[]RTUÄ�rY\d¹a`[�k�f�d¹al·
��nTpba`{]v¹W�RKa"WZnTPSU�p�f@WZU�eTRT^`[�RKa`{][�RKq��op\a`�uac_Xghd`�ÄºIU�[]d`^oR~_bU]d�YZ_b^�f&qlw
XÆa`nIU]f�RlP W]�¹a`º~g��uRT^`��U�RlPVUÂP~eT[�PSU�tSU�RTPSUÂf�PVq`[�a�i�^'Y\PVtSRTPVUXW RTPV�ÂeT^heKa�f�acRTPVU�P�^FeTUXWZ�u^�f&a`RTPSU`wC��n�UÅÃp\a`{sWZU
a`pZg�_b��U]_Xgh{][�RTUÄnI^�f�PVRTR~grº~gF�
nTpba�f¸^oYZ_\p\^oRTRlPVU�i�q`{�[]RTU`w �)tza�vTnTpZ^oY\[]{�[�U]RTPzaÁnlp\[]g�WZ��P W]��]U�tSPV{][�º~gÄ��vlY\[�q½º~gh��WZU]eTRT^h{]g�¾jp\^�f¸U`w

• ü Û è'�æww�Fw Ê ý&ÉFdc^oRTYZ_\p\vTv"W�¡,9�Ô!92��Ö · ¸ · ÛTÔ¦��Ý��2¸�� a`vl_\^o�
a¹_5Y�_b^oYZ^�f�g!acd`{�U]nl_bv"W\q`{]g�f�ghpba`�]U¯ÃRTPVa�pZU��ovltza`pZRTUÁ³jRKa`e!a`tS¾Ea`ºIU]_\U��
{a, b}

¶¯wÄ�rY\d¹a`[�k�f�d¹al·½��nTp\a`{�v"W5RKa"WZnTPSU�pZf8WZU�eTRT^`[�RKa`{][�RKq�op\a`�uac_Xghd`�
ºIU�[]d`^oR~_\U�d�YZ_\^"f&qlwßXÆa`nIU]f�RTP W]��a`º~g ∗ f�Pzq`[�ahija�Y\PStVRTPSUsW�RlPV�
dc^oRTd¹ac_\U�RKa`{XW\al�Öa�_baf�PVq`[�ahi�a�Y\PStVRTPSUsW&RTPV��YZvT�ualw���n�U]pba`{XWZU�ºlPVRKa`pZRTU�nI^"f�PSRTR~g�º~gh�5nTp\a�f&^oY�_bpZ^oRTRTPSU²i�q`{�[]RTU`w

� ç
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òÂòÂóZò g�ø4_ úML-}&ûQù�3f})ú
O)a�{][]gh�±nI^otVU]�~a�nI^¹WZ��{]PVU�^oºltVPV{][�a`tSRT^o�Z{�P»wCxÖp\^oºltVU��ë^oºTtSPV{�[�a`tVRl^o�\{]P�[�a"WZ�u^�f&ahiMRKacvTd`^�f¸{�k�f WZU�YZ[�{][�UnTpZ[�U�e�nI^"f�Y�_}a`RlPVU��ÜnTpba�f�eT[]PSf�gh{}|Ád`^`�unTvF_bU�pZk�f�w¸x�^�f�YZ_}a�i�^½f�PVU�tSU�¾j^op\�ua`tSPV[���k�fÀ^onTPSY\v¹W\qc{]gh{}|�_\^nI^¹WZ��{]PVU`·

•
tS^o�oPSdca5d`^o��ºlPVRKac_\^opZgh{][�RKa ü ÉF{}|ihoRfSTRTd`U]t Ê! ~× ç � ° vTpZpZg Ê! o×	 ý>�

•
p\a`{}|�vTRTU]d

λ ü ° |�vTpZ{}| Ê! oÚ`Ú �KÛ�tVU]U�RTU Ê! oÚ�� ý»�
•
�ua`YZ[]ghR~g��CvTpZPVRT�oa ü Ê! `Ú�� ý>�

•
Y�ghYZ_bU]��gr³Enlp\[�U]nTPVY�g�f�a`RlPza²_bU�pZ�uk�fQ¶�x�^oYZ_ba ü Ê! oÚ�� ý>�

•
�`pba`�uac_Xghd�PÆ^o�okotSRTU�³j_XghnTv � ¶�³jY\[�{][�U]�okotVR~g�nTpZ[]ghnKa`elU�d�YZghY�_bU���k�fæxC^`YZ_}ao¶¯�

•
p\a`{}|�vTRTU]dÄ¾jvTRTd`{XWZP

µ
ÃXpZU�d�vTp\U]RT{]g�WZR~gh{}| ü �jhheTU�t>�TèQU]p\ºTp\a`RTe Ê! ���� ý»�

�rY\[]ghY�_bd�PVUQ^oRTU'^onTPVYZv¹W\q�n�^¹WZ�]{�PSU'^`ºTtVPS{�[�actVRT^o�Z{�Plf�gh{}|T^heT[�q`{)['PVRTR~gh{}|ÄnI^FelUsWZ�\�c�lactVU�^od¹a`[]v¹WZUQYZPV�c�h�]Uf�Y\[¯ghYZ_bd�PSU�^`RTU�YbqÄYZ^oºTPSU�p\k�f�RT^�f&a`��RTUcw²Éh_bq`eÁ_bU][�a ° |�vTpZ{}|Kal·)f�YZ[]ghYZ_\dhPSU²_bU�¾j^opZ�
actVPV[]��g�^onlPVY\v"W\qeT^odTi�a`eTRTPSU�_b^½{�^�d�pZg�WZU5YZPV��nI^Fe�PSR�_\vTPV{¯g�WZR�gh�±nI^¹WZ�]{�PVU]�±^oºTtSPV{][�a`tSRT^o�\{]P»w
òÂòÂó$# k m)õ�+�øÆù�*húCh²m§&C¯Ax
�rY\[]ghY�_bd�PVUÄ_\Uu¾j^opZ�
a`tSPV[]��gÁY\q�f�ghYZ_}acp\{�[�a"W\q`{]^�Y\PVtSRTU`�Da`º~g![�a`nTPSYba`�½f RTPV{}|�vlRTPSf¸U�pZYba`tSR�g���U�{}|Ka"ÃRTPS[�� ^oºTtSPV{][�a"W\q`{¯go��_b[]RÆwh_ba`d�P���U�{}|Ta`RTPV[]����d~_bk`pZgueT^oYZ_ba"W\q`{cÀX^onTPSY�a`tV�o^`pZg�_b��v®Â�P�eTa`RTUQf�ghdc^oRKa�_bU]Ra`tS�o^opZg�_\�ëRKa²_Xgh{}|T��U5eKa`R~gh{}|Æw

•
fyp\a`{}|�vTRTd�vÀ¾jvTRTdc{sWZP

µ
ÃXp\U]d�vTp\U]RT{]g�WZR~gh{}|8PSYZ_\RTPVUXWZU$R�vT��U�pbac{sW\a�¾jvlRTd`{XWZP)P'PVYZ_\RTPVUXWZU�¾jvlRTd`{XW\al�d~_bk`pba²YZgh��vTtSv¹WZU�¾jvTRTdc{sWZ��^�nI^heKa`R~gh�±R�vT�uU]p\[]U`�

•
PSYZ_\RTPVUXWZU��
acY\[]ghRKaÄ��vTpZPVRT�~aF�Æd~_bkop\a�nI^`_\pba�S�Y�gh��vTtV^�f&a`�½d¹a`��eKqÄPSRTRKqÄ�ua`Y\[¯ghRT�²�Cvlp\PVRl�~aÄRKanI^FelYZ_}a�f�PSU¸WZUsW�^`nTPVYZvÆ�

•
f@eT^�f&^`tVR~gh�ÙWZ��[¯gFd�v�nTp\^o�`pba`��^�f�a`RlPza���^o��RKa²RKacnTPVY\a`��PVR~_bU]p\nTpZU]_\U�p�_bU]�o^o�&WZ��[¯gFd¹al�

•
�jhheTU�tIvTeT^�f¸^FeTRlPEiX�F��U�WZ�][]ghd½_bU�^`p\PVPItVPS{�[]º�³E[�a`pZg�_b��U]_Xghd¹q²xCU�a`RT^�¶ÆWZU�YZ_¸f�ghYZ_}acp\{�[�a"W\q`{]^�YZPVtSR�ga`º~g���k"f�PS�u^�PVY�_bRTPSU�RTPSvreT^�f¸^Felk"f��ÖRlnÆw���^o�]RKa�RKacnTPVY\a`��¾j^`p\��v�iz�`�Cd�_\kopba��uk�f�P>�D��UuPVRTRTq¾j^opZ��v�iz�)eKa�YZPV��vTel^"f¸^heTRTPV�cwC��a`tSUsW]�leTa�Y\PS��RKa`nTPSYba`�Q¾j^op\��vIi��`�hd~_bkop\a�^o[�RTa`{�[�avÀX��RTPVUQRTPVUQeKaYZPV��vTeT^�f¸^FelRTPV�¦Â}w¸�`U�Y�_'_\^²¾j^op\��vIija�nTp\a�f�el[�PSf&al�Ia`tSU�_}a`d¹al�Td~_\kop\UXW�RTPSU�eKa½Y\PV��vleT^�f&^heTRTPS�`w

���



òÂòÂó\[ l0úC*A_�`)mF`mg�û'ùTõ�m�´Âú
•
O'PVU¯¾j^op\�ua`tVR~g
^onTPVY'�ua`Y\[¯gFR$�CvTpZPVRT�oalw��Da`�Z�
aF�I�hi�^�f�PV{�al�:[�a`nTPSY��I^Fel{�[]g�_�� nTpZ[�U�YZv~f�a`RlPVU`� YZ_bUÅÃpZ^"f�RlPVd:�:d`^oRfST�ovTpbac{sW\aunI^h{�[�q¹_bd`^�f&al� tSU]f�g�^o�`pba`RTPS{�[]RTPVd:�:a`dc{�U�nF_}a`{XW\al��^heTpZ[�vT{]U�RTPSU`�I[�a`nI�]_\tVU¯ÃRTPSU`w

•
�QUTSKRTPS{sW\auÕ���·

M = 〈Q, Σ, Γ,`,t, δ, s, t, r〉
�l�oel[�PVUc·

¼ Q
�T_\^uYZd`^o�T{][�^oR~g�[�ºlPVkop�Y�_}a`Rlk"f��

¼ Σ ⊆ Γ
�l_b^ua`tS¾Eacº�U¯_�f&UXWZ�\{]PV^�f�go�

¼ Γ
�T_\^uactS¾Ea`ºIU]_�_ba`�\��^�f�go�

¼ `∈ Γ
�T_\^½tVU]f�gÄ^o�opbacRTPV{][�RTPSdI�

¼ t ∈ Γ
�l_b^½YZgh��ºI^otµnTvlYZ_Xgo�:ºTtVa`RTd:�

¼ δ : Q × Γ → Q × Γ × {L, P}
�M_b^�p\U]tza`{XW\a�nTpZ[�UsWZ�Z{�PVa Y RTPSUu��^o��RTa�[�ac�
a`[�a`� `

��a`RlPnlp\[�U]Y\vTRTq`���Fiz^�f�PV{]g
RKa½tVU]f¸^T�
¼ s ∈ Q

�T_b^½YZ_ba`R�nI^h{�[�q¹_bd`^�f�g`�
¼ t ∈ Q

�T_b^�YZ_ba`R�a`d`{]U�nl_\v¹W\q`{]g`�
¼ r ∈ Q, r 6= t

�T_\^�Y�_}a`R�^heTp\[]vT{�a"W\qc{]gow
•
�QUTSKRTPS{sW\a½d`^oRASK�ovTp\a`{sWZP

∈ Q × Γ∗ ×N
�
→

P
→∗ wÂÛQ^oRfST�ovTpbac{sW\a½n�^h{�[�qc_bdc^"f&alw

•
�QUTSKRTPS{sW\a)WZ��[¯gFdck�fî^oºTtSPV{�[�a`tVR~gh{}|�Pµ{�[]���\{]PV^�f¸^
^oºTtSPV{][�a`tSR�gh{}|Æw

•
Ý�k�f�RT^�f�ac��RKa$Y�¾j^op\��v�i�^�f&a`RTPVU)WZ�][]ghd`k�f {�[]���\{]PV^�f¸^Á^oºTtSPV{�[�a`tVR~gh{}| � PSYZ_bRlPVUsWZU²nlp\^o�op\a`�2f�g~ÃnTPSY\v¹W\qc{]gÄf�YZ[]ghYZ_\dhPSU5YÅi�^�f&au[¸WZ��[¯ghdcaFw

�U�����l�
�$ �¡C¢0Õ�a`Y\[¯gFRTa$a`dc{�U�nF_bv¹W\q`{�a�WZ�][]ghd
{anbncn : n ≥ 0}

w��Ca`d$f�PV�]{²d�tza`Y\a�WZ�][]ghd`k�f ^`ºTtVP Ã{�[�a`tVR~gh{}|½WZU]YZ_'Y\[]U�pZY\[�a�RTPV��ºIU�[]d`^oR~_\U�d�YZ_\^"f�gh{}|Æw
•
ÉhnTpba�f�eT[�a`��g�{][]g�Y¯iz^�f&^�nKa`YZv¹WZU5el^

a∗b∗c∗
w

•
�Q^oYZ_ba�f�PVa`��g
^o�opbacRTPV{][�RTPSd
RKa²d`^`�T{�vÆw

•
�`UTÎ�eT[]PV��g
féd`khi�d`^½f�gh�
ac[�v¹W\q`{�[�a�d¹a`�]elgh�±pba`[]U��ÙWZU]eTRT^

a
�
b
P
c
w

•
�`U]�\tSPÆRKa½d`^o�T{]v�f�YZ[]ghYZ_\dhPSU5[]RKa`d�PM[�^oY�_}ahiVgÄf�gh�
ac[�a`RTUc�T_b^�a`dc{�U�nF_bv¹WZU]��gow

�U�����l�
�$ �¡C¢0Õ�a`Y\[¯gFRTa
a`dc{�U�nF_bv¹W\q`{�a�WZ�][]ghd
{ww : w ∈ {a, b}∗}

w

�	�



òÂòÂósr k m)õ�+�øÆù�*húCh²mQú iªú|*®_�`bm)úng�ûQùlõ�m�´Âú
ñQY�_}a`tVa`��g½actS¾Ea`ºIU]_�f¸UsWZ�Z{�PS^"f�g

{0, 1}
wCÛQ^heT^�f�a`RlPVU'�
a`YZ[]ghR
��vTpZPVRT�~a�^op\a`['a`tS¾Eacº�U¯_bv²f&UXWZ�\{]PV^�f&U]�o^Tw�`��[¯ghd�a`d`{]U�nl_\^"f&a`R~go�I_b^

{M$x : x ∈ L(M)}
w

òÂòÂó$~ %Áù�&dg�h�ø�iu`åmQõsø4&Cg�hsõ²3�_ úCh�m)ø
E R~_bvTPS{sW\aýq �
a`YZ[]ghR~g���vTp\PSRT�~aÁnI^`_bp\a�S:q�_\^ÁYbac�u^T�Ö{]^�nTp\^`�opba`�5grdc^o��nTvl_bU]p\^�f¸U`w ° [¯g�PSYZ_bRlPVUsWZUnTpZ^oºTtVU]�ÜRTPSU�^oºltVPV{][�a`tSR~gT¿��DacdIw
>¹>�<J©l<s> µ 9AÝ%o,¸ · �f -¡ ·  �ã¹º�¸� �U · �� �Ý6Þ ·
�U�����l�
�$ �¡C¢¨�Q^"f¸khe�_Xf�w ° a`R~_b^`pbalw

�U�����l�
�$ �¡C¢3xÖpZ^oºTtVU]� YZ_\^onTv
{M$x : M

[�ac_\p\[¯gF��v¹WZU)YZPV�'eTtza�eKa`R~gh{}|
x}
wCXÆahizko���5go����UQPVYZ_\RTPVUXWZU�ua`Y\[¯gFRTaÄ�CvTpZPVRT�oa

M ′ �Æd~_bk`pba
pZ^o[�Y�_bp\[¯gh�~aÄ_bU�R
WZ�][]ghd:w�� k�f¸{�[�acY�RlPVU�{}|
M ′′ a`d`{]U�nl_\v¹WZU {M : MRTPSU²[�ac_\p\[]gh��v"WZU�YZPV�²eTtVaÄd`^heTv

M}
��a`tSU²[�a`��Pza`Y�_�^heTp\[]vT{�ac��[�a`nI�]_btVaÄY\PS�`w ° [¯gFtSP

M ′′ [�ac_\p\[¯gF��v¹WZUY\PS��eTtVa�d`^heTv
M
�Tf�_Xf��T�oelg

M
RTPVU�[�ac_bpZ[]gh��v¹WZU�YZPV��eltza�f�ijacY\RTU]�o^½d`^heTvÆw ° []g

M ′′ [�ac_\p\[]gh�ua�Y\PS�eTtVa²f�i�a`Y\RlU��o^�d`^heTv:¿

Ó4 ��zÔ�¢0�`U��\tSP
A
P
A
Ybq½{�[]���Z{�PV^�f¸^
^oºltVPV{][�a`tSRTU`�h_b^

A
Ybq½^oRTU�_\U���^oºTtSPV{�[�a`tVRlU`wxÖp\^oºTtSU��îY�_b^onTv�WZU�YZ_D{�[]���\{]PV^�f¸^�^oºTtSPV{�[�a`tVR~g§q £hPVeTU��ua`Y\[¯gFRTaQvTRTPêf&U]p\Y\a`tVRKaFw ° []g�PSYZ_bRlPVUsWZU W\a`d�PS�nTpZ^oºTtVU]���Fd~_bkop�gÄRTPSU�WZU�Y�_QRTa�f¸U]_'{][����Z{�PS^"f¸^�^oºTtVPS{�[�a`tVR~gl¿��Ca`d:�TRTnÆwleT^onIU¹i�RlPVU�RlPVU�nTpZ^oºTtSU���v�Y�_b^onTv �ºI^��oeFgFº~grº~g:i&{�[]���Z{�PV^�f¸^Á^oºTtSPV{][�a`tSR�g`�µ_b^$º~gKi�º~g�_bU]�u^`ºTtVPS{�[�actVR~go��a�RlPVU)WZU�Y�_�w�³E��^½WZU]YZ_5nTp\[¯ghdKi�a`ep\U]eTvTdc{sWZP»w ¶

òÂòÂó`� ¬ úÖùTõsúC3�0�øjm¸ö ó\l g
�rY\[]ghY�_bd�PVU�n�^`RTPV�]Y\[�UÁf&a`pZPza`R~_XgÀ�ua`Y\[¯ghR8��vTpZPVRT�~a´�ua"W\q!_}acdcq�Y\a`�uq�YZPEiz�$f�ghpba`[]vÆ��a`tSUÁ{�[�a`Y\U]�ija¹_Xf�PVUsW�Y\PS��RTPV��PÆnI^oY¯izvT�oPêf�a`�c·

•
�ua`YZ[]ghRKa½[�f�PSU�tS^o�
a�_}a`�Z�
a`��P P �Fi�^�f�PV{�a`��P»�

•
�ua`YZ[]ghRKa½[�_ba`�\�uq�RTPSU�Y\dc^o�T{][�^oRKq½fé^oº~ghelf�PSU�Y�_bpZ^oR~go�

•
�ua`YZ[]ghRKa½[�nIija`YZ[�{�[¯gh[�RKq��
a`�`RTU]_Xgh{�[]RKqlw

� �



� +�õ�3z_�ø4m)õsú
•
��nTPSY\[)Õ����hd�_\kopba�a`dc{�U�nF_bv¹WZU�WZ�][]ghd$³ERTPSU'�ua�_b^�º~gh�Q¾j^`p\�ua`tVRKa�dc^oRTY�_bp\vld`{sW\a½Õ����la`tSU��\{�PSY¯iVg^onlPVY�Y\nI^oYZ^oºTv�WZUsW�el[�Pza�ija`RTPVa~¶¯·
¼ ü ÛªþDÈ�w  �� ý

{an2

}
³jf�Y\d¹a`[]k�f�dcaF·

1 + 3 + 5 + · · ·+ (2k − 1) = k2 ¶¯�
¼ ü Ûªè��æw " w Ê ý

{a2n

}
�

¼ ü Û þ�È�w  �¹ý
{aibj}

�Qa![�ac_\p\[¯gF��v¹W\q`{�Y\PS�Á�ua!RKa!_}ac�\��PVU$YÅi�^�f¸^�nI^oY�_}a`{]P
a prqts (i,j)³�f�Y\d¹a`[]k"f�d¹al·�eT^!^oºTtVPS{�[�a`RTPza puqts Y¯i�vl�]g a`tV�`^opZg�_b� þÖvTd�tSPVeTU]Yba Y WZU�YZ_
d�PVtVd¹a�f&U]p\Y�WZP_\U��o^�a`tS�o^op�gh_\��vÆ·CnTp\[]U�[�^heTUsWZ��^�f�a`RlPVU`�FnTp\[]U�[���^FelvTtV^ × �lnTpZ[�U�[�ºTa`eKa`RTPSU�nKa`pZ[]ghYZ_\^o�\{]P

q f�ghºTPSU�p\[�_ba`d¹q²f¸U�pZYjWZ�c�Id~_\kopba²RKa"WZºTa`p\eT[]PVUXW�nKa`YZv¹WZU�¶Å�

�	"



� �
�� o¡�¢ £��½¤c;é§C¨>�'�¯¬c�0� ¨>�'�¯®��&«�¡U�]­�¬0®´­�®]¬�¨e�'�]®T�&«�¡Ç��­�¬
� nI^onTp\[]U�eTRlPV� nTvTRld`{�PSU�nI^od¹a`[�a`tSPV�Z��go�~�]U�nTp\^`ºTtVU]� YZ_b^`nTvÄRTPSUÖWZU]YZ_�^`ºTtVPS{�[�actVR~gow�XÆa`YZ_ba`RTk�f���g�Y\PS�{�[¯g
RTa`YZ_\��nTv¹W\qc{�U�nTpZ^o�opbac��g½Ybq�^`ºTtVPS{�[�actVRTUcwdXÆa`dTijaceKa`��g`�F�]U�eKa`RKa�WZU�YZ_�n�U¯f�RKa��ua`Y\[¯gFRTa��CvTpZPVRT�oa
M
w ü Û½�KY�_bp]w ×`Ú�� ý
• Ê w ° [¯g

M
�ua�nTp\[¯ghRKa"WZ��RTPVUXW ç × Y�_}a`R~gl¿

× w ° [¯g
M

f�ghd`^`Rhv"WZU�f�PS��{�UXW�RTPS� ç × d�p\^od�PMeTtza�nlvTYZ_\U��o^½f&UXWZ�\{]Pza~¿
Ú w ° [¯g

M
f�ghd`^`Rhv"WZU�f�PS��{�UXW�RTPS� ç × d�p\^od�PMeTtza�nIU]f�RlU��o^½f&UXWZ�\{]Pza~¿

ç w ° [¯g
M

f�ghd`^`Rhv"WZU�f�PS��{�UXW�RTPS� ç × d�p\^od�PMeTtza�d¹a`�]eTU��`^�f¸UsWZ�Z{�Pzao¿
� w ° [¯g

M
eTtVa�nTvTY�_bU��`^uf¸UsWZ�\{]Pza½d�PVU�eFgFdc^otSf�PSU�dÄnlp\[�U]Y\v~f&a
�Fi�^�f�PS{���eKa`tSUsW�RTPV� ç × nI^o[¯gF{XWZURTa�nTp\a�f&^�^Fe�tSU]f¸U��o^�^o�op\a`RTPV{][�RTPSd¹a~¿

��U²nTp\^`ºTtVU]��gÁY\q�^`ºTtVPS{�[�actVRTUc� nI^oRTPVU¯f�ac�²tVPV{][�ºKaud`^oRfST�ovTpbac{sWZP»�µd~_\kop\U²RKactVU��¯gÁpZ^o[]f&a`�]gh�)WZU�Y�_YZd`^o�T{][�^oRTalw
• Ê w ° [¯g

M
a`dc{�U]nl_bv¹WZU�nTvTY�_bU�Y¯iz^�f&^�¿

× w ° [¯g
M

a`dc{�U]nl_bv¹WZU�eT^�f¸^otVRTU�YÅi�^�f&^~¿
Ú w ° [¯g

M
a`dc{�U]nl_bv¹WZU�d¹a`��elU�YÅi�^�f¸^�¿

ç w ° [¯g
M

a`dc{�U]nl_bv¹WZU�Y\dc^o�T{][�^oR~g�WZ��[¯gFdF¿
O'PVU�^`ºTtVPS{�[�actVRTUc�Inlp\[�U][²Y\nTpZ^�f�a`el[�U�RlPVU²nTpZ^oºTtVU]��vÁY�_b^onTv�el^
_Xgh{}|�nlp\^oºTtSU���k�f�w�Õ$a`��g�eKa`RlU
M#x

w&Õ�vTYZPV��g
YZ_Xf�PVU]p\eT[]PV�c�I{][]g
M

a`dc{�U]nl_bv¹WZU
x
w^��U]RTU�pZv¹WZU���g

M ′ �Td~_bkop\al·
¼ f�gh�ua`[�v"WZU5eKacRTU�[�f&UXWZ�\{�PVal�
¼ [�a`nTPSY\v¹WZU�RKa²_}a`�Z�uPSU

x
�

¼ Y�gh��vTtVv"WZU
M
�

¼ acd`{�U]nl_bv"WZU�WZU��ZtVP
M

Y\PS��[�ac_\p\[]gh��v"WZU`w
Û'^Fe

M ′ WZU�YZ_�^`ºTtVPS{�[�actVR~g½RKa�nI^FeTY�_}a�f�PVU M
P
x
q a`RKactV^o�oPVa�[Q_]i�vl�
a`{][�U]RTPVU]�ënTpZ^o�op\a`�uk�f�w

M ′ RKactVU��¯g�eT^½f�ghºTpba`RlU��o^�n�^�f�gh��YZ[�U]�o^�WZ�][]ghd¹a�f�_Xf�wK�oelg M#x ∈ STOP
w

• Ê w ° [¯g
M

a`dc{�U]nl_bv¹WZU�WZ��[¯ghd�p\U��`vTtza`pZR~gT¿
× w ° [¯g

M
a`dc{�U]nl_bv¹WZU�WZ��[¯ghd�º�U][�d`^`R�_\U�d�YZ_\^�f�gT¿

Ú w ° [¯g
M

a`dc{�U]nl_bv¹WZU�WZ��[¯ghd�^oºTtVPS{�[�a`tVR~gl¿

�	 



O'PVU�^`ºTtVPS{�[�actVRTUcw'Õ$a`��g�eKa`RlU
M#x

w�Õ�vlY\PV�5g�YZ_Xf�PVU]p\eT[]PV�c� {�[¯g
M

a`d`{]U�nl_\v¹WZU
x
w�O'PVU]{}|

AºI��eT[]PVU�eT^�f¸^otVR~gh�ÙWZ�][]ghd�PVU�� {][��]�\{�PS^�f&^�^oºTtSPV{�[�a`tVR~gh���la`tSU�RTPVU)^oºTtVPS{�[�a`tVR~gh�2³jRTnÆwcWZ�][]ghd�PVU��ÉF�'��x�¶¯w���U�RlU�p\v"WZU���g
M ′′ �Td~_bkop\al·

¼ nlp\[�U]nTPVYZv¹WZU�f&UXWZ�\{�PSU
y
RKa½eT^heKac_bdc^�f�q½�\{]PVU��]d`�c�

¼ [�a`nTPSY\v¹WZU�RKa½�\{]PVU��]{�U�eKa`R~gh{}|
x
�

¼ Y�gh��vTtVv"WZU
M

eTtVa
x
�

¼ WZU]�\tSP
M

Y\PV�$[�ac_\p\[]gh�ual��_b^´Y�gF��vTtVv¹WZU��ua`YZ[]ghRT��a`dc{�U�nF_bv¹W\q`{�q
A

eTtVa
y
P'_}a`d Yba`��^acd`{�U]nl_bv"WZU�tVvlº�RlPVU

L(M ′′) =

{

A ; M
Y\PS��[�ac_\p\[]gh��v"WZU�eltza�È

∅ ;
f�nlnÆw

òw#�óZò vb.Qù�&�+�ú|(§_ úCm)õsø
8:92;=<CB�� ÉFnTpZ^"f&a`eT[]U�RTPSU
nTpZ^oºTtSU���v¹@bWZ��[]ghd¹a

A
eT^

B
_\^�_ba`d¹a'º õ U · Ý��� �Us¸, �¾jvTRld`{sW\a

σ
����U

x ∈
A ⇔ σ(x) ∈ B

w�`U��ZtVPµPVY�_bRTPSUsWZU�YZnTp\^�f&a`eT[�U]RTPVU
A
eT^

B
�T_\^�nlPVY\[]U���g

A ≤ B
w

2

Ó4 ��zÔ�¢
≤
WZU�Y�_Q[¯f�p\^`_\RKa½PÆnTp\[]U�{}|T^heTRTPValw

�U�����l�
�$ �¡C¢0ÉhnTp\^�f&a`eT[�U]RTPza�[�nTp\[¯gFdTi�a`eTk�fé¾b¶ � Pz¶¸PhWb¶ � t�¶¯w

Ó4 ��zÔ�¢0�`U��\tSP
A ≤ B

�l_\^
A ≤ B

w
Ó4 ��zÔ�¢0�`U��\tSP

A ≤ B
P
B
WZU�YZ_�³j{�[��]�\{]PV^�f&^~¶�^oºltVPV{][�a`tSRTU`�h_b^

A
_bU]��WZU]YZ_�³E{][��]�\{�PS^�f&^�¶�^oºTtSPV{][�a`tSRTU`w

Ó4 ��zÔ�¢0�`U��\tSP
A ≤ B

P
A
RTPVU&WZU]YZ_�³E{][����Z{�PS^"f¸^�¶�^oºTtSPV{][�a`tSRTU`�h_b^

B
_\U���RTPSU¸WZU�YZ_�w

�U�����l�
�$ �¡C¢3O'PVU]{}|
FIN = {M : L(M)

WZU�YZ_'YZd`^o�T{][�^oR~g
}
wÖxC^od¹a`�]U���g`�l�]U)a`RlP

FIN
�Fa`RTP

FINRTPSU�Ybq½{�[��]�\{]PV^�f&^u^oºTtSPV{�[�a`tVRlU`w
• STOP ≤ FIN

·
σ(M#x) = M ′ �K�oel[�PVU M ′ ·

¼ f�gh�ua`[�v"WZU�f¸UsWZ�Z{�PVUc�
¼ [�a`nTPSY\v¹WZU�RKa²f&UXWZ�\{]PVv

x
�

¼ Y�gh��vTtVv"WZU
M
�

¼ acd`{�U]nl_bv"WZU�WZU��ZtVP
M

Y\PS��[�ac_\p\[]gh��v"WZU`w

���



M ′ a`dc{�U]nl_bv¹WZU5a`tSº�^ ∅
�Ta`tVºI^

Σ∗ w M
[�a`n��¯_btVa�Y\PV�

⇔ L(M ′)
WZU]YZ_'Y\dc^o�T{][�^oR~go�I{�[¯ghtVP

M#x ∈
STOP ⇔ σ(M#x) ∈ FIN

w
• STOP ≤ FIN

·
τ(M#x) = M ′′ �l�oeT[�PSU M ′′ ·

¼ [�a`nTPSY\v¹WZU�f¸UsWZ�\{]PVU
y
RKa½eT^heKac_\d`^�f¸UsW'�Z{�PVU]��{]U`�

¼ [�a`nTPSY\v¹WZU�RKa½�\{]PVU��]{�U�f¸UsWZ�\{]Pza
x
�

¼ Y�gh��vTtVv"WZU�el[�Pza�ija`RTPSU
M

eTtza²eKa`R~gh{}|
x
nTp\[]U�[�{�^½RKa"W�f�gh�]UsW

|y|
dhpZ^od`k�f��

¼ acd`{�U]nl_bv"WZU�WZU��ZtVP f¥_bp\a`d`{]PVU�YZgh��vTtVa`{sWZP
M

RTPSU�[�a`dc^o�T{][]gKija�eT[�PVahija`RlPzal�hf�nTnÆwK^heTp\[]vT{�alw
M

[�ac_bpZ[]gh��v¹WZU
Y\PV��eTtVa
x ⇔ M ′′ a`d`{]U�nl_\v¹WZUÄYÅi�^�f�aÁ^�^o�op\a`RTPV{][�^oRlUsW�e�izvT�o^o�Z{�P

⇔ L(M ′′)WZU]YZ_'Y\dc^o�T{�[]^oR~go�I{�[¯gFtSP
M#x ∈ STOP ⇔ τ(M#x) ∈ FIN

w

�lÊ



� +�õ�3z_�ø4m)õsú
• ü Û²�"þDÈ w Ê!�	� ý ° []g�^oºltVPV{][�a`tSR~g�WZU�Y�_DRTa`YZ_\��nTv¹W\qc{]g�nTpZ^oºTtVU]��·��Qtza�eKa`RTU]�o^ M#x

�c{�[¯g5�ua`YZ[]ghRKa
M

eTtza�f¸UsWZ�Z{�Pza
x
[�a`nTPSY\[�U�d�PVU]elghd`^otêf�PVU]dÄRKa�_}a`�Z�uPSU�PVRTR~g
YZgh��ºI^otµRTPV��ºltza`RTdF¿

• ü Û²�KþDÈ�w Ê¿��" ý ° [¯g�n�^heKa`RlU�nlp\^oºTtSU���g
Ybq½^oºTtSPV{�[�a`tVRlU�¿Ê w'Õ�a"W\q`{ÁeKacRKqr�ua`Y\[¯ghRT�Á��vTp\PSRT�~a
M

PQYÅi�^�f&^
y
�&YZ_Xf�PVU]p\eT[]PV�c�'{][]g

M
eTtVa�f¸UsWZ�\{]Pza

yd�PSU�elghd`^`tSf�PVU]d�[�a`nlPVY\[]U�RKa²YZf¸^¹WZUsW�_ba`�\��PVU)YZgh��ºI^ot
#
¿

× w'Õ�a"W\q`{½eKa`RKq��op\a`�uac_Xghd`�²ºIU�[�dc^oR~_bU]dhY�_b^�f&q
G
YZ_Xf�PSU�pZeT[�PS�`�µ{�[¯g

G
�oU]RTU�pZv¹WZU)W\a`d�PVU]d`^ot Ãf�PSU�dÄYÅi�^�f¸^�¿

Ú w'Õ�a"W\q`{$eTa`RKqr�ua`YZ[]ghRT�$��vTpZPVRT�~a
M
��Y�_Xf�PVU�pZeT[�PS�`��{][]g�PVY�_bRTPSUsWZU�RTPSU�Y\dc^o�T{][�U�RlPVU$f�PSU�tVUPSRTR~gh{}|Æ�:p\k�f�RT^�f�ac��R~gh{}|uWZUsW��
a`YZ[]ghR��CvTpZPVRT�oa~¿

•
þDÈ�w Ê!�� w ° []g�nI^FeKacRTU�nTp\^`ºTtVU]��gÄY\q�{][����Z{�PS^"f¸^
^`ºTtVPS{�[�actVRTU�¿
Ê w

{(M, N) : M
f�ghdc^oR�v¹WZU���RTPVUXW&dhpZ^od`k�fîeltza²nTvTY�_bU��`^uYÅi�^�f�a½RKa²f&UXWZ�\{]PVvÆ�KRTPS�

n}
�

× w
{M : M

f�gFdc^oR�v¹WZU���RTPSUsW&RTPV�
4242

d�p\^odck"féeTtza²nIU]f�RTU]�o^�f¸UsWZ�Z{�PVa
}
�

Ú w
{M : M

f�ghd`^oR�v¹WZUu�uRTPSUsWQRTPS�
4242

d�p\^`d`k�fªeTtVaÄnTp\[¯ghRKa"WZ��RTPVUXW
4242

p\ko�]R~gF{}|rY¯izk"fRTa½f¸UsWZ�Z{�PVv
}
�

ç w
{M :

�)tVa²dcac��eTU]�o^�f¸UsWZ�Z{�PVa
M

f�ghd`^oR�v¹WZU5�uRTPSUsW&RTPS�
4242

d�p\^odck"f
}
w

• ü Û²�KþDÈ�w Ê`ÊoÊ ýMÛ�_bk`pZgÄ[�nI^FeTa`R~gF{}|�nTp\^`ºTtVU]�uk�f�WZU�Y�_Q{][��]�\{�PS^�f&^u^oºTtVPS{�[�a`tVR~gl¿
Ê w

{M : L(M)
[�a�f�PVU�p\a�nlp\[]ghRKa�WZ�uRTPSUsW ç × Y¯iz^"f&a

}
�

× w
{M : L(M)

[�a�f�PVU�p\a�{]^½RKa"W�f�gh��UXW ç × Y¯iz^"f&a
}
w

�~×
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•
�QUTSKRTPS{sW\a½RTPVU]eTU]_\U�pZ�uPSRTPVY�_XgF{][�RTUXW��ua`YZ[]ghR~g��CvTpZPVRT�oalw

•
Õ�a`Y\[¯gFRTauRTPSU�eTU¯_bU�pZ�uPSRTPVY�_Xgh{�[�RTa½RlPVU��ua½Y�_}a`R�v�^Felp\[�vl{�a"W\q`{]U��o^lw

•
E R~_\U�p\U]Y\v¹WZU�RKa`Y�_XghtVdc^T�K{�[¯g��u^`��U�^oRKa²[�aoa`d`{]U�nl_\^�f�a`�5eKa`RTU�YÅi�^�f&^lw

•
° [¯g��
a`YZ[]ghR~g�RTPVU]eTU]_\U�pZ�uPSRTPVY�_XgF{][�RTU�PÂeTU]_\U�pZ�uPSRTPVY�_XgF{][�RTUua`dc{�U�nF_bv¹W\q�_\U½Yba`��Uud�tVa`YZg
WZ�][]g~Ãdck"fQ¿

•
�Ca`d:��º�^´�ua`YZ[]ghRKa�eTU¯_bU�pZ�uPSRTPVY�_Xgh{�[�RTa!�u^`��UÁY�gF��vTtV^�f&a`�$f�Y\[¯ghYZ_bd�PSU���^o�]tVPSf¸U�^oºTtVPS{�[]U�RTPVa�ua`Y\[¯ghR�g�RlPVU�elU]_bU]p\��PVRTPSYZ_Xgh{�[]RTUsW]w

•
O'PVU]eTU]_\U�p\��PVRlPVYZ_Xgh{][�RTU��ua`Y\[¯gFR~g���vTpZPVRT�~a½a`dc{�U]nl_bv¹W\q�WZ��[¯gFd�PM{�[]���Z{�PV^�f¸^
^oºltVPV{][�a`tSRTU`w

ò�[�ó$# 8�ùlú|iªúÖö�`ba�õ &C´Ct|h�mQøzyÅö	`F.�û|{~}
��pba`�uac_Xghd�PFºIU�[]d`^oR~_bU]d�YZ_b^�f¸UQRlPVU&Y\q)RKa"WZ^`�okotVRlPVUsWZYZ[�q'[�RKa`RTq)¾j^op\�uqQ�op\a`�uac_XghdIw
��pba`�uac_Xghd�PF^o�`kotVRTU³j_XghnTv � ¶�eT^onlvTY\[]{�[�a�W\qunTpZ^FeTvld`{sWZU�nI^oYZ_ba`{�P

α → β

eTtVa
α, β ∈ (Σ ∪ N)∗

�
α 6= ε

w&Õ�^o��U]��gÄf�PV�]{�^od�p\U��ZtVPS�`�K��U�f¥f�gFnlp\^�f�aceT[�U]RTPVvÁ��^o�]RKa²[�a`��PVU]RTPza`�eT^�f¸^otVR~g�RTPSU�nTvlYZ_Xg�RKa`nlPVY
α
RKa

β
w

µ^¶¤· 9®��¡���9®¸ · 9¹¢¨��pba`�uac_Xghd�P�^`�okotVRlUQY\q�p\k�f�RT^�f�ac��RTUu³ERlPVU�elU]_bU]p\��PVRTPSYZ_Xgh{�[]R~gF�
¶��ua`YZ[]ghRT^o� �CvhÃp\PSRT�~alw
9 ��� · Ý'¡�º ¶ º4¡wÜC¢

•
ÉhnTp\^�f&a`eT[�U]RTPVU��`pba`�uac_Xghd�P ^o�ok`tVRTUXW¸eT^²�
acY\[]ghR~g���vTp\PSRT�~alwÖÕ��¥[�a`nKa`��PV�¯_bv¹WZUQY¯iz^"f¸^½[�f&UXWsÃ�Z{�PzaF��YZgh��vTtSv¹WZU�f�gFnlp\^�f�aceT[�U]RTPVUc��f�ghºTPSU�pba�W\q`{rRlPVU�elU]_bU]p\��PVRTPSYZ_Xgh{�[]RTPVU�nTpZ^FelvTd`{XWZU`w.�`U��]U�tVP^oYZPzq��oRTPSU�Y¯iz^"f¸^�eKa`RTU�RKa�f¸UsWZ�\{]PVvÆ�K_\^uacd`{�U]nl_bv"WZU`�Kf�nTnÆw:[�acn��¯_btza�YZPV�cw

•
ÉhnTp\^�f&a`eT[�U]RTPVUQÕ�� eT^��opbac�
ac_Xghd�^o�okotSR~gF{}| wÂÕ$a"W\q`{�eTa`RKq�Õ�� ��vTY\PS��g�nI^heKa`���op\a`�
a¹_XgFdc�pZk"f�Rl^"f&a`�]RKqueKacRTUsW'Õ���wKd`^oRlYZ_bpZvTd`{XW\au^onlPVU�p\a²Y\PV��RTa�RKacYZ_b�]nTv¹W\q`{¯gh{}|Á^oºTYZU�pZf&a`{XW\a`{}|Æ·
¼ Û'^oRfSK�`vTpba`{XWZ��Õ�� ��^o�]U���g p\U]nTp\U][�U�R~_\^"f&a`��[�a�nI^o��^F{�q!Y¯iz^"f&a�[¹i�^`��^oRTU]�o^´[�³ERlPVU¯ÃnlvTYZ_\UsWb¶5[�a�f&a`p�_b^o�Z{�P¸_ba`�\�5go��[�f�YZ_}a�f�PS^oR~gF� f ^heTn�^�f�PSU�eTRTPS�2��PVUsWZYZ{�v�[]RKa`{][�RTPSdhPSU��pZU�nTpZU�[]U�R~_bv¹W\qc{]gh�.nI^Fiz^o��U]RTPVU��Fiz^�f�PV{]g
PµYZ_ba`RÁÕ���w
¼ Û�a`�]elg���^o��tSPSf�gup\vT{}|ÁÕ��@��^o�]RKa²p\U�nlp\U�[]U�R~_b^�f&a`��W\acd`^½nTp\^heTvTdc{sWZ���opbac�
ac_Xghd�PÆ^o�`kotêÃRlUsW]w'Õ�^o�]RKauf�PS��{�Y\d`^`RTYZ_\p\vT^�f&a`���op\a`�
a¹_XgFdc�5^`�okotVRTql�Kd~_bkopZUsW�f�ghnTpZ^"f&a`eT[]U�RTPVa
RKa`�Ztza¹Ãelv¹W\q�el^odTija`eTRlPVU���^o��tSPSf¸U�^oºTtSPV{�[]U�RTPVa�[�a`eTa`RTUsW'Õ���w
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¼ Õ�a"W\q`{�eKa`RKq5Õ��
M

dc^oRTYZ_\p\vTv"WZU���g½�ua`Y\[¯ghRT�
M ′ �~d~_bkop\a�eTtVa�nTvTY�_bU��`^�f¸UsWZ�Z{�Pza�eT[]Pzahi�a_ba`d:·

∗
[��oa`eTv¹WZUuRTPVU]eTU]_\U�p\��PVRlPVYZ_Xgh{][�RTPSUuYÅi�^�f&^

x
PÖ_Xf¸^op\[¯g!eFf�PVU�WZU]�o^$dc^onTPSU�³ERTa$elf¸kF{}|�\{]PVU��]d¹a`{}|:¶¯�

∗
WZU�elRTUsW�[�U��\{]PVU��]U�d�Y�gF��vTtVv¹WZU�eT[]Pzahi�a`RTPSU��
acY\[]ghR~g

M
�

∗
�oelg

M
a`dc{�U�nF_bv¹WZU²YÅi�^�f&^

x
�~W\a`d`^�[�a�f�a`p�_b^o�Z��_}ac�\��g�nTp\[¯g�f�pba`{�a`RTUQWZU�Y�_�YÅi�^�f&^

xPMa`d`{]U�nl_\v¹WZU`w
�Ca`dÄf�PS��{�eT^odTijaceTRTPVU�eTtVa²Y¯i�k�f

x
a`d`{]U�nl_\^�f�a`R~gh{}|�nTpZ[�U�[

M
�ua`YZ[]ghRKa

M ′ ��^o�]U�p\^o[ÅÃnI^h{�[�qc��eT[�PVahija`RlPVU�[�nTvTYZ_bq)_}a`�Z�
q�PF[�a`dc^o�T{][]gh�DWZU�[�U�YÅi�^�f&U]�
x
[�a`nlPVYbacR�gh� RKa)_}a`�Z�uPSU`w

¼ ��pbac�
ac_Xghd¹a�^o�okotSRKa�p\k�f�RT^�f�ac��RKa)�ua`YZ[]ghRTPVU
M
�¹_b^Q�opba`�uac_Xghd¹a�YZgh��vTtSv¹W\q`{�a�eT[]Pzahi�a`RTPVU�ua`YZ[]ghR~g

M ′ [�eT^heKa`R~gh��PÆnTp\^heTvTdc{sW\a`��P»�ld�_\kop\Uc·
∗
nTpZ[�U�d�YZ[]_}a�i�{�a�W\q�acdhY�WZ^o�uac_&f8p\U]nTp\U][�U]R�_ba`{sWZ��dc^oRfSK�`vTpba`{XWZPÆnI^F{][�qc_\d`^�f&UXW��ua`YZ[]ghR~g
M ′ eTtza²nTvlYZ_bU]�o^½f&UXWZ�\{�PVal�

∗
nI^o[]f&a`tza�W\q)RKa�vTYZvTRTPV�]{�PSU�[�RKac{�[�RlPVd¹a�p\U�nlp\U�[]U�R~_bv"W\q`{�U]�o^��Fi�^�f�PV{]��eTtVa)YZ_ba`R�vuacd`{�U]nFÃ_bv¹W\qc{�U��`^Tw

� _}a`d�PVUXW��`pba`�uac_Xgh{�U���^o��U]��g
f�ghnTpZ^"f&a`eT[]PV�5Y¯i�^�f&al�Kd~_bkopZU5Y\q�dc^o�T{]^"f�gh��PM[�a�f�acpZ_b^¹Ã�Z{�PVa`�uP�_}a`�Z��g��ua`Y\[¯gFR~g
M ′ �Ka�f�PV��{�eT^`dKi�a`eTRTPSU�Y¯iz^"f&a
acd`{�U]nl_b^�f&a`RTU5nTp\[]U�[ M

w
µ^¶¤· 9®��¡���9®¸ · 9¹¢3�`�][]ghd��oU�RlU�p\^�f&a`R~g�nTp\[]U�[��opbac�
ac_Xghdc��^`�okotVRTq��u^o�]U�º~gF��RTPSU�p\^`[�YZ_\p\[¯gF�oa`tVR~gow
¡�º ¶ » ¡ �`U�YZ_²_\^�RKac_Xgh{}|T��Pza`Y�_b^�f�g!f�RlPV^oYZU�d�[�n�^�f�gh��YZ[�UsW²d`^oRlYZ_bpZvTd`{XWZP»��^opbac[Ä[
¾Ea`d~_bv �Ö��U�Õ��a`dc{�U�nF_bv¹W\q�WZ��[]ghd�PM{�[]���\{]PV^�f¸^
^oºTtSPV{][�a`tSRTU`�Fa`tVU�RlPVU�d`^`RTPVU]{�[�RlPVU�^oºTtSPV{�[�a`tVRlU`w
ò�[�ó\[ 8�ùlú|iªúÖö�`ba�õ aC&Cm¸öFøla)*~öf&�+�ø
��pba`�uac_Xghd�PIdc^oR~_bU]dhY�_b^�f¸U�_b^5_ba`d�PVU'�opbac�
ac_Xghd�P:^o�okotSRTU`�~f d~_bk`pZgh{}|�nTp\^heTvTdc{sWZU�Y\q5nI^oYZ_ba`{�P

α → β
��oeT[]PVU

α, β ∈ (N ∪ Σ)∗
�
|β| ≥ |α|

P
α 6= ε

w
Ó4 ��zÔ�¢0�`��[]ghd�PM�oU�RlU�p\^�f&a`RTU�nTp\[]U�[��opbac�
ac_Xghd�PÆdc^oR~_bU�d�Y�_b^�f&U�Ybq½^oºTtVPS{�[�a`tVRTUcw
Û���� · Ýú¡�º ¶ º4¡wÜC¢ �)tVa��op\a`�
a¹_XgFd�PÂtVPSRTPV^�f¸UsW�e�i�vT�`^o�\�uY¯i�^�f&a�f f�ghnTp\^�f&a`eT[]U�RTPSv´RTPVU��u^`��U��
a¹ÃtVU]�`w�Õ�^o��RTa�f�PS��{�nTp\[]U��\tSU�eT[]PV��f�Y\[¯gFY�_bd�PVU��u^`��tVPêf&UÄf�ghnTpZ^�f�a`el[�U�RlPza!YÅi�k�f ^�[�a`eKacRTUsW²e�i�vT�`^o�\{]P³jf�ghd�pZg�f&a"W\q`{5U]f�wK[�acn��¯_btVU]RTPzao¶¯w
Ó4 ��zÔ�¢Ø��p\a`�
a¹_XgFdc^o�Üdc^oR~_bU]dhY�_b^�f�gh�.^heTnI^�f�Pza`eKa�W\q½Õ��é[�_}a`�Z�
q�^`�opba`RlPV{�[]^oRKq²tVPSRTPV^�f¸^Tw
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Û���� · Ý ¡,º ¶ º4¡,ÜC¢ �`U��ZtVP�pZ^o[���Pza`p'_}a`�Z��g�WZU]YZ_�^o�`pba`RTPS{�[]^oR~gÁtVPSRTPV^�f¸^�³�_b[�R wÆPVY�_bRTPSUsWZU�_ba`d¹a�Y�_}ahi�a
c
���U)eTtza�eT^�f&^otSRTU��`^�f&UXWZ�\{]Pza

x
Õ��Àf�ghd`^opZ[]ghYZ_ba½{]^�RKa"W�f�gh�]UsW

c · |x|
�uPSUsWZY\{'RKa5_ba`�\��PVU�¶¯��_b^���^o�]RKa^o�op\a`RTPS{�[]gh��e�izvT�o^o�Z��f�gFdc^op\[¯ghYZ_Xg�f�acRTUsW¸_}ac�\��g�eT^�f&^otSRTPVU�f�ghºTp\a`RKq��uRlPVUsWZYZ[�q�Y�_}ahi�q

c′
q YZ_\^oY\v"W\q`{nI^FeT^`ºTRKq!_bU]{}|TRTPSd`��eT^´YZgh��vltV^�f�acRTPza�Õ��.[Áf�PVU]tV^o�uar�Z{�PVU]��d¹a`��P»wÙO)acYZ_b�]nTRTPSU��u^o�]U���g [�acYZg~Ã��vTtS^�f�a`��eT[]Pzahi�a`RTPVU�Õ��î^o�opbacRTPV{][�^oRTUXW�tSPVRTPS^"f¸^½[�a�n�^o��^h{�q²�opbac�
ac_Xghd�PMd`^oR~_\U�d�YZ_\^"f¸UsW)fîYZn�^oYZkoºnI^FeT^`ºTR~g�eT^½YZgh��vTtVa`{sWZPµnI^heKa`RTUXW�eTtVa��opbac�
ac_XghdÄ^`�okotVR~gh{}|ÆwÕ��æYZgh��vTtSv¹W\q`{�au�op\a`�
a¹_XgFdc��^o�ok`tVRKq²fænTp\[¯ghnKa`eTd�v��op\a`�
a¹_XgFd�P�d`^oR~_\U�d�YZ_\^"f¸UsW�eKa�Õ��î^`�opba¹ÃRTPS{�[�^`RKq²tVPVRlPV^�f&^lw

ò�[�ósr �@õsøÆùlúÂùf3�})õsú�L-}�&|ie*2ab`ONjø4´|&
���
a�f�PVa`RTU�d�tza`Y�g�WZ�][]ghd`k�fæ��^o��RKa²YZ{}|Ka`pbacd�_\U�p�gF[]^�f�a`�5[�a½n�^`�u^h{�q�pZ^FeT[�a"WZk�fé�op\a`�uac_XghdI·

O'p ��pba`�uac_Xghd�P Õ$a`Y\[¯ghR�g �`��[¯ghdhP
� ^o�`kotVRTU ³ERTPSU�eTU¯_�w ¶½�ua`Y\[¯ghR�g���vTpZPVRT�~a {�[]���Z{�PV^�f¸^
^oºltVPV{][�a`tSRTUÊ dc^oR~_bU�d�Y�_b^�f&U ^o�opbacRTPV{][�^oRTU�tSPVRTPS^�f&^�Õ�� d`^`R�_\U�d�YZ_\^�f&U× ºIU�[]d`^oR~_bU]d�YZ_b^�f¸U a`vl_b^`�
ac_Xg
YZ_\^oY\^�f¸U ºIU�[�dc^oR~_bU]dhY�_b^�f¸UÚ tSPVRTPS^"f¸U a`vl_b^`�
ac_Xg
Y\dc^o�T{�[]^oRTU p\U]�ovTtVa`p\RTU

�)^heKac_\d`^�f&^uf��\p\khe�WZ�][]ghd`k�fÙ{�[]���\{]PV^�f¸^Ä^oºTtSPV{�[�a`tVR~gh{}|�f�ghpZko��RTPVa`��g�^oºltVPV{][�a`tSRTU`�l�oelg�eKa`R~g�WZ��[¯gFdPFWZU��`^�el^on�U"i�RTPSU�RTPSU�Ybq½{�[]���Z{�PV^�f¸^
^oºltVPV{][�a`tSRTU`w
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